Lecture 1

Tools for Analysis of Nonlinear Systems

Anton Shiriaev
Stockholm, 2018-09-03

Learning outcomes: Concepts of stability of a motion. Sta-
ble cycles of nonlinear systems. Tools for analysis — Lyapunov
lemma, Poincare first return map, small parameter and Krylov-
Bogolyubov methods for approximate integration. Examples.
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1. Orbital Stability vs. Stability of a Motion
1.1 Definitions

1.2 Preliminary comments
2. Lyapunov's theorems
3. Poincare’s arguments on stability

4. Small Parameter Methods
4.1 Classical Approach
4.2 Krylov-Bogolyubov Method
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Orbital Stability vs. Stability of a Motion



Orbital Stability vs. Stability of a Motion

Consider a nonlinear dynamic system and one of its solutions
%X =f(x), x"(t)=x"(t,xy) €R", t €]0,+00)
Definition (Lyapunov Stability)
The solution x*(-) is called
e stable, if, for any € > 0, there exists § > 0 such that,
if ||x(0) —xg|| <6, then |x(t)—x*(t)]]<e Vt>0
e asymptotically stable, if, in addition,

lim ||x(t) — x*(t)|| = 0.

t—+00
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Orbital Stability vs. Stability of a Motion

Consider a nonlinear system and one of its periodic solutions
Ix=f(x), x*(t)=x"(t.x5), x*(t)=x*(t+T), Vt, T>0
Let Iy« C R” denote the orbit of x*(+)

e« ={€eR": £€=x"(t), t€[0, T]}.
Definition (Orbital Stability)

The periodic solution x*(-) is called
e orbitally stable, if, for any € > 0, there exists 0 > 0 such that,

if ||x(0) —xg|l <, then dist(x(t),lxx)<e Vt>0

e asymptotically orbitally stable, if, in addition,
t_I:_Toodlst (x(t),Tx+)=0
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Preliminary observations

Unfortunately there is no one general arguments
to answer the questions:

When does a dynamical system have a periodic solution?
How to find it by analyzing its model?
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Preliminary observations

Unfortunately there is no one general arguments
to answer the questions:

When does a dynamical system have a periodic solution?
How to find it by analyzing its model?

If present for the model, when can it be observed in experiment,
that is, when is the periodic motion stable?
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Preliminary observations

Unfortunately there is no one general arguments
to answer the questions:

When does a dynamical system have a periodic solution?
How to find it by analyzing its model?

If present for the model, when can it be observed in experiment,
that is, when is the periodic motion stable?

Important Observation:

Periodic solutions are usually encountered in 2nd order systems,
and rarely observed for systems of higher dimensions!
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Search for an Equilibrium vs. Detecting a Cycle

To find an equilibrium xp of the dynamical system
d, _
Sx = f(x)

one needs only to solve algebraic equation

f(Xo) =0
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Search for an Equilibrium vs. Detecting a Cycle

To find an equilibrium xp of the dynamical system
d, _
Sx = f(x)

one needs only to solve algebraic equation

f(Xo) =0

To find a T-periodic solution x(t) = x(t + T) of the system
d
gx = f(x)

one needs, in general, to solve/integrate this system

T

Except particular cases, it is impossible!
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Lyapunov’s theorems



Lyapunov theorems. Preliminaries:

Consider a 2nd order system
x = P(x,y)
y = Qx,y)
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Lyapunov theorems. Preliminaries:

Consider a 2nd order system
x = P(xy)
y = Qxy)
Suppose that (xo, yo) is its equilibrium, i.e.

P(x0,y0) = Q(x0,¥0) =0
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Lyapunov theorems. Preliminaries:

Consider a 2nd order system
x = P(xy)
y = Qxy)
Suppose that (xo, yo) is its equilibrium, i.e.
P(x0,y0) = Q(x0,0) =0

Introduce the linearization of the system at (xo, yo)

d |z | _ | Pxo,yo) Py(x,0) z
dt | z Qx(x0,¥0)  Qy(x0,¥0) 2
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Lyapunov theorems. Preliminaries:
Consider a 2nd order system
x = P(xy)
y = Qxy)
Suppose that (xo, yo) is its equilibrium, i.e.
P(x0,y0) = Q(x0,¥0) =0

Introduce the linearization of the system at (xo, yo)
d |z | _ | Pxo,yo) Py(x,0) 7
dt | z QRx(x0,¥0) Q) (x0,¥0) 2

Pi(x0, ¥0) Q) (x0, Y0) — Py (x0, ¥0) (X0, ¥0) # O
the equilibrium (xo, yo) is called simple.
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Lyapunov theorems. Preliminaries (Cont’d):

Consider the case when the linearized system is
d Z1 0 —b 40

— = , b>0
dt 2> b 0 Z
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Lyapunov theorems. Preliminaries (Cont’d):

Consider the case when the linearized system is
d Z1 0 —b 40
— = , b>0
dt 2> b 0 Z

It is easy to check that:

All solutions are periodic
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Lyapunov theorems. Preliminaries (Cont’d):

Consider the case when the linearized system is

d Z1 0 —b 40

— = , b>0
dt 2> b 0 Z

It is easy to check that:

All solutions are periodic

All solutions are of the same period T = b
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Lyapunov theorems. Preliminaries (Cont’d):

Consider the case when the linearized system is
d Z1 0 —b 40
— = , b>0
dt 2> b 0 Z

It is easy to check that:

All solutions are periodic

All solutions are of the same period T = b

The function
27 (t) + z3(t) = C = 2(0) + 25(0)
is the integral of the system
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Lyapunov theorems. Preliminaries (Cont’d):

The linearization is a cheap computational procedure
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Lyapunov theorems. Preliminaries (Cont’d):

The linearization is a cheap computational procedure

Question: Is it true that if the linearization

d | 2 Pi(x0, y0) Py (X0, y0) 7
dt

22 Qx(x0, ¥0) Q}I/(Xo,)/o) 22
has a periodic solution, then the original nonlinear system
x = Plxy)

y = Qxy)

has one too?
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Lyapunov theorems. Preliminaries (Cont’d):

The linearization is a cheap computational procedure

Question: Is it true that if the linearization

d | 2 Pi(x0, y0) Py (X0, y0) 7
dt

22 Qx(x0, ¥0) Q}I/(Xo,)/o) 22
has a periodic solution, then the original nonlinear system
x = P(xy)

y = Qxy)

has one too?

Answer: Unfortunately, NO!
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Example:

Consider the system
£ =y xR+ y?)
vo= x—y(x*+y?

Its linearization at the equilibrium x =y =0
z1 = —2
22 = 1

has the centre at z; = z, = 0!
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Example:

Consider the system
£ =y xR+ y?)
vo= x—y(x*+y?

Its linearization at the equilibrium x =y =0
z1 = —2
22 = 1

has the centre at z; = z, = 0!

Unfortunately, this nonlinear system has
NO periodic motion at all !!!

(© Anton Shiriaev and Robotikum freeware 10/49



Example (Cont’d):

Indeed, in the polar coordinates

X

y

pcosf
psinf

the differential equation for radius p is decoupled

x = —y—x(x*+y?)
yo= x—y(+y?)
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Example (Cont’d):

Indeed, in the polar coordinates
x = pcost
y = psinf
the differential equation for radius p is decoupled

x = —y—x(x*+y?) .3
. 2 2 = p=—p
y o= x—y(x*+y7)

The solution of the last equation is

p(0)

V2t 2(0) + 1

— 0 as t— 4o

p(t) =
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Conclusions from the Example:

e Existence of a periodic solution for the linearized system
DOES NOT IMPLY

the presence of a cycle in the nonlinear original system
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Conclusions from the Example:

e Existence of a periodic solution for the linearized system

DOES NOT IMPLY

the presence of a cycle in the nonlinear original system

e Establishing a presence of a periodic solution of a nonlinear
system by linearization is

NONTRIVIAL TASK
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Lyapunov Theorems. Preliminaries (Cont’d):

Consider the system

x = —by+¢(x,y)
y = bx+i(x,y)
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Lyapunov Theorems. Preliminaries (Cont’d):

Consider the system
x = —by+¢(x,y)
y = bx+¢(xy)
Here b > 0 and the functions ¢, v are analytical
(x,y) = Pax,y)+Ps(xy) -+ Pelx,y) + ...
w(va) = QQ(X,Y)+Q3(X,}/)++Qk(X,y)+
where Py(x,y), Qk(x,y) are homogeneous polynomials of degree k

Pa(x,y) = po1x*+ paaxy + paz y?
Ps(x,y) = p31 x>+ psax?y + ps3xy? + paay’
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Lyapunov Theorems. Preliminaries (Cont’d):

In the polar coordinates

x =pcosl, y=psind

the dynamics

x = —by+¢(x,y)
y = bx+d(xy)

x = pcosf—psinff = —bpsin6+ ¢(pcosh, psinb)
) = psinf+pcosh = bpcosh+1p(pcosb, psinb)
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Lyapunov Theorems. Preliminaries (Cont’d):

In the polar coordinates
x =pcosl, y=psind

the dynamics

x = —by+o(x,y)
y = bX—"w(Xv}/)

is
x = pcosf—psinff = —bpsin6+ ¢(pcosh, psinb)
y = psinf+pcosff = bpcosh + 1h(pcosb, psinb)
Therefore

p=xcosf + ysinf = ¢(pcosb, psinf)cosl + 1(pcosh, psinf)sinb

é_ycosefi(sinf) by W(pcosh, psinb)cosd—d(pcosb, psinb)sin b
P p
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Lyapunov Theorems. Preliminaries (Cont’d):

The equations
p = ¢(pcosh, psinb)cosf + (pcosh, psinf)sinb
P(pcosb, psin)cosh — ¢(pcosb, psinb)sinb
p

06 = b+
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Lyapunov Theorems. Preliminaries (Cont’d):

The equations
p = ¢(pcosh, psinb)cosf + (pcosh, psinf)sinb
P(pcosb, psin)cosh — ¢(pcosb, psinb)sinb
p

06 = b+

can be rewritten as

p = {Pz(x,y)+P3(x,y)+...}cos&—i— [Qz(x,y)+Q3(x,y)—|—...}sin@

P(x,y) P(x,y)
= {Pg(pcos&psin 0)+.. .}cos 0+ {Qg(pcos O,psinf)+.. .}sin 0

— 2 [p2(cosé),sin 0) cos O + Qx(cos @, sin0)sin 9} +...

0 =b+p {Qz(cos 0,sin 0) cos @ — P(cos 8, sin ) sin 9} +...
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Lyapunov Theorems. Preliminaries (Cont’d):

The equations
p = ¢(pcosh, psinb)cosf + (pcosh, psinf)sinb

i - b+¢(pcos€,psin9)cos€—¢(pcos€,psin9)sin0
)

can be rewritten as

p = {Pz(x,y)+P3(x,y)+...}cos&—i— [Qz(x,y)+Q3(x,y)—|—...}sin@

P(x,y) P(x,y)
= {Pg(pcos&psin 0)+.. .}cos 0+ {Qg(pcos O,psinf)+.. .}sin 0

— 2 [p2(cosé),sin 0) cos O + Qx(cos @, sin0)sin 9} +...

0 =b+p {Qz(cos 0,sin 0) cos @ — P(cos 8, sin ) sin 9} +...

Equilibrium p =0 is simple (i.e. b>0) = 0 + 0 for small p
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Lyapunov Theorems. Preliminaries (Cont’d):

Let us exclude time t from consideration

dp 0> {Pz(cosﬂ,sin 6) cos 6+ Qo(cos b,sin #) sin 9} +...

b+p {Qg(cos 6,sin 0) cos 0 — P>(cos 8, sin 6) sin 9} +...
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Lyapunov Theorems. Preliminaries (Cont’d):

Let us exclude time t from consideration

dp 0> {Pz(cosﬂ,sin 6) cos 6+ Qo(cos b,sin #) sin 9} +...

b+p {Qg(cos 6,sin 0) cos 0 — P>(cos 8, sin 6) sin 9} +...

The function in the right-hand side is

e periodic in 0: R(p,0) = R(p,27 + 0)
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Lyapunov Theorems. Preliminaries (Cont’d):

Let us exclude time t from consideration

dp 0> {Pz(cosﬂ,sin 6) cos 6+ Qo(cos b,sin #) sin 9} +...

b+p {Qg(cos 6,sin 0) cos 0 — P>(cos 8, sin 6) sin 9} +...

The function in the right-hand side is

e periodic in 0: R(p,0) = R(p,27 + 0)
e for any 6: R(p,6) =0
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Lyapunov Theorems. Preliminaries (Cont’d):

Let us exclude time t from consideration

dp 0> {Pz(cosﬂ,sin 0) cos 0+ @ (cos ,sin 6) sin 9} +...

b+p [Qg(cos 6,sin 0) cos 0 — P>(cos 8, sin 6) sin 9} +...

The function in the right-hand side is

e periodic in 0: R(p,0) = R(p,27 + 0)
e for any 6: R(p,6) =0

e analytic function in some vicinity of p =0
R(p,0) = pRi(0) + p*Ra(0) + p*R3(0) + . ..
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Lyapunov Theorems. Preliminaries (Cont’d):

Denote

p(8) = (43 60. 0)

the solution of the differential equation

S50 = R(p,0)

with the origin in [0, po].
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Lyapunov Theorems. Preliminaries (Cont’d):

Denote

p(0) = f (9; 90,p0>
the solution of the differential equation

S50 = R(p,0)

with the origin in [0g, po]. Then

o f (9; 00,,00) —0;

po=0
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Lyapunov Theorems. Preliminaries (Cont’d):

Denote

p(0) = f (9;90,p0>
the solution of the differential equation

S50 = R(p,0)

with the origin in [0g, po]. Then

o £ (0:60,)
(6:00.00)| _,
e f is the analytic function

f (9; bo, ,00) = u1(0)po + u2(0)p5 +

(© Anton Shiriaev and Robotikum freeware
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Lyapunov Theorems. Preliminaries (Cont’d):

Denote

p(8) = £ (6:00, po
the solution of the differential equation

sop = R(p.0)
with the origin in [0g, po]. Then
o f (9;907,00) =0;
po=0
e f is the analytic function

f (0; 0o,po) = u1(0)po + u2(0)p§ + - - - + uk(0)p§ + - ..

e all the weighting functions in the expansion

u(0), w(0), ..., uk(d),

can be recursively found.
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First Lyapunov Theorem

The function

- = 2m) 2 + ...
f <9'9°’p°>‘e:27r,90:o u1(27)po + un(2) P2 +

= a1po+py -+ akps ...

is the Poincare first return map; constants {1, az,. ..} are the
focus quantities.
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First Lyapunov Theorem

The function

. _ 2
F(0:00.r0)|,_, ) = (@m0t w@m)d ...

= aipo+ ot 4 aupl ...

is the Poincare first return map; constants {1, az,. ..} are the
focus quantities.

Theorem: The first nonzero coefficient of the series
f(27r;0,po) —po = (a1 — 1)po + 2pf + -+ + arpg + - ..

has an odd number. m
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First Lyapunov Theorem

The function

. _ 2
F(0:00.r0)|,_, ) = (@m0t w@m)d ...

2 k
= aipotagpyg+ -+ agpyt+ ...
is the Poincare first return map; constants {1, az,. ..} are the

focus quantities.

Theorem: The first nonzero coefficient of the series
f(27r;0,po> —po = (a1 — 1)po + 2pf + -+ + arpg + - ..

has an odd number. m

Q: When does the system have the center at its equilibrium?

A:lfandonlyifag =land ap =az=---=0
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Second Lyapunov Theorem:

The necessary and sufficient conditions for the system
x = —by+d(xy)
y = bx+i(xy)

to have the center at its equilibrium (xo, yo) provided that ¢(x,y),
¥(x,y) are analytic functions, are that in some neighborhood of
(x0, Y0) the system has an integral H(x, y), which is an analytic

function. Furthermore, it has the form
X2+y2+¢3(X’Y)+¢4(Xay)+"'+¢k(X7y)+'” =C

where ®(x,y) are homogeneous polynomials of degree k. m
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Second Lyapunov Theorem:

The necessary and sufficient conditions for the system
x = —by+d(xy)
y = bx+i(xy)

to have the center at its equilibrium (xo, yo) provided that ¢(x,y),
¥(x,y) are analytic functions, are that in some neighborhood of
(x0, Y0) the system has an integral H(x, y), which is an analytic

function. Furthermore, it has the form
X2+y2+¢3(X’Y)+¢4(Xay)+"'+¢k(X7y)+'” =C

where ®(x,y) are homogeneous polynomials of degree k. m

Important: If ¢(x,y), ¥(x,y) are not analytic function, the
statement is not true!
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Example:

The dynamics of a point-mass pendulum is

O+a-sinf =0
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Example:

The dynamics of a point-mass pendulum is

0+a-sind=0
Its linearization around the downward equilibrium 6 = 0 is

Z+a-z=0
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Example:

The dynamics of a point-mass pendulum is
0+a-sind=0
Its linearization around the downward equilibrium 6 = 0 is
Z+a-z=0

The pendulum has an energy as the integral

E(0,0) =0 +2a(1 —cosf) =6>+a-0>+...
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Example:

The dynamics of a point-mass pendulum is
f+a-sinf=0
Its linearization around the downward equilibrium 6 = 0 is
Z+a-z=0
The pendulum has an energy as the integral
E(0,0) =0 +2a(1 —cosf) =6>+a-0>+...

= Pendulum has the center around its downward position <
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Example:

The dynamics of a point-mass pendulum is
f+a-sinf=0
Its linearization around the downward equilibrium 6 = 0 is
Z+a-z=0
The pendulum has an energy as the integral
E(0,0) =0 +2a(1 —cosf) =6>+a-0>+...

= Pendulum has the center around its downward position <

What is about the system
§ + |sin (1006]) — \/\9@ 2 +a-sing=0 277

It has the center too, see the following Lectures.
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Poincare’s arguments on stability




Poincare First Return Map

Consider the system x = P(x,y)
y o= Qxy)

Suppose that there is a line / transverse to its solutions.
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Poincare First Return Map

Consider the system x = P(x,y)
y o= Qxy)

Suppose that there is a line / transverse to its solutions.

Introduce a scalar parameter s that uniquely defined points on /.
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Poincare First Return Map

Consider the system x = P(x,y)
y o= Qxy)

Suppose that there is a line / transverse to its solutions.

Introduce a scalar parameter s that uniquely defined points on /.

Suppose a trajectory L

e intersects / in the point s when t = ¢
e intersects / one more time in the point s; when t = t; > ty
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Poincare First Return Map

Consider the system x = P(x,y)
y o= Qxy)

Suppose that there is a line / transverse to its solutions.

Introduce a scalar parameter s that uniquely defined points on /.

Suppose a trajectory L

e intersects / in the point s when t = ¢
e intersects / one more time in the point s; when t = t; > ty

= There is a vicinity of sg such that solutions originated from that
subset of / intersect / one more time, i.e. the map f : [ — /

s+ 5=1(s), Vsec(sp—e¢1,%+¢e2), €1,62>0

is well defined. It is the Poincare first return map.
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Poincare First Return Map (Cont’d)

Suppose that the trajectory L intersects the line / in the points
S0, S1, S2y -y Sky - .-

where s; = f(s0), s2 = f(s1), ..., sk = f(sk-1), ---
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Poincare First Return Map (Cont’d)

Suppose that the trajectory L intersects the line / in the points
S0, S1, S2y -y Sky - .-

where s; = f(s0), s2 = f(s1), ..., sk = f(sk-1), ---

Trajectory L converges to a cycle L* < klim sk=s", f(s*)=s*
—00
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Poincare First Return Map (Cont’d)

Suppose that the trajectory L intersects the line / in the points
S0, S1, S2y -y Sky - .-

where s; = f(s0), s2 = f(s1), ..., sk = f(sk-1), ---

Trajectory L converges to a cycle L* < klim sk=s", f(s*)=s*
—00

Definition: The stationary point s* of the Poincare first return
map f(-), s* = f(s*), is referred to as

e stable, if there is its neighborhood O C I, s* € O, such that
for any sy € O the corresponding sequence {s1, s, ...}
generated by f(-) converges to s*

sk —s" as k— +oo

e unstable, otherwise. m
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Stability of Poincare First Return Map

Lemma: A stationary point s* of the Poincare first return map

Sk+1 = f(Sk)
is stable, if
f'(s*) < 1,
and unstable, if
f'(s*) > 1.
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Stability of Poincare First Return Map

Lemma: A stationary point s* of the Poincare first return map

Sk+1 = f(Sk)
is stable, if
f'(s*) < 1,
and unstable, if
f'(s*) > 1.
However, if
(s7) =1,

then the cycle is called complex, and one needs to consider higher
derivatives of the map f(-) ats = s*. m
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Stability of Poincare First Return Map

Lemma: A stationary point s* of the Poincare first return map

Sk+1 = f(Sk)
is stable, if
f'(s*) < 1,
and unstable, if
f'(s*) > 1.
However, if
(s7) =1,

then the cycle is called complex, and one needs to consider higher
derivatives of the map f(-) ats = s*. m

Check Lamerey plots of the map 5 = f(s) on the (s, 5) plane!
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Poincare First Return Map (Cont’d)

Given a system
x = P(xy)
y = Qxy)
Suppose that it has a T-periodic solution

x=¢(t), y=(t), tel0,T]
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Poincare First Return Map (Cont’d)

Given a system
x = P(xy)
y = Qxy)
Suppose that it has a T-periodic solution

x=¢(t), y=(t), tel0,T]

Q: How to find the Poincare first return map f(-) for this periodic
solution?
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Poincare First Return Map (Cont’d)

Given a system
x = P(xy)
y = Qxy)
Suppose that it has a T-periodic solution

x=¢(t), y=(t), tel0,T]

Q: How to find the Poincare first return map f(-) for this periodic
solution?

Q: How to check the conditions of Lemma, how to compute f/(-)?
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Poincare First Return Map (Cont’d)

Introduce new coordinates (u, v) in some vicinity of the cycle L*:

e v = C are closed curves around L*;
e v = 0 coincides with L*:
e u = C are orthogonal to L*.

One can think of (u, v) as similar to polar coordinates (6, p).
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Poincare First Return Map (Cont’d)

Introduce new coordinates (u, v) in some vicinity of the cycle L*:

e v = C are closed curves around L*;
e v = 0 coincides with L*:
e u = C are orthogonal to L*.

One can think of (u, v) as similar to polar coordinates (6, p).

If a T-periodic solution is given

X:¢(t)? y:%f)(t%

then a transformation into the new coordinates is defined by
x = o(u)+vy'(u)
y = d(u)—v¢'(u)
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Poincare First Return Map (Cont’d)

If P, @ are analytic functions, then the system

x = P(x,y)
y = Qxy)
can be rewritten in new coordinates (u, v) as one diff. equation
dv
= ®(u, v) = Ar(v)v + Ax(u)v? + As(u)vd + ...
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Poincare First Return Map (Cont’d)

If P, @ are analytic functions, then the system

x = P(x,y)
y = Qxy)
can be rewritten in new coordinates (u, v) as one diff. equation
dv
= ®(u, v) = Ar(v)v + Ax(u)v? + As(u)vd + ...

The closed trajectory L* corresponds to the solution v = 0.

(© Anton Shiriaev and Robotikum freeware 26/49



Poincare First Return Map (Cont’d)

If P, @ are analytic functions, then the system

x = P(x,y)
y = Qxy)
can be rewritten in new coordinates (u, v) as one diff. equation
dv
= ®(u, v) = Ar(v)v + Ax(u)v? + As(u)vd + ...

The closed trajectory L* corresponds to the solution v = 0.

Functions Ax(u) can be explicitly found, for instance.
Ai(u) = P;(<z>(u),w(u))+o;(<z>(u),w(t;))—
——[In{o' @2 + (]
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Poincare First Return Map (Cont’d)

Consider a solution v = f(u; 0, vp) of the system
Gy =d(u,v) = A (u)v + Ax(u)v® + As(u)v® + . ..
with initial conditions in ug = 0, vp. It can be written as a series

v=f(u;0,v0) = ar(u)vo + ao(u)v@ + - + ar(u)vE + ...
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Poincare First Return Map (Cont’d)

Consider a solution v = f(u; 0, vp) of the system
Gy =d(u,v) = A (u)v + Ax(u)v® + As(u)v® + . ..
with initial conditions in ug = 0, vp. It can be written as a series

v=f(u;0,v0) = ar(u)vo + ao(u)v@ + - + ar(u)vE + ...

Substituting this function into the diff. equation for v(u), we get

& [an(uvo + a(u)g + -+ a(u) + .| =

Al(u)[al(u)vo+az(u)vg+. . } A [al(u)vo+a2(u)vg+. . .r+. y
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Poincare First Return Map (Cont’d)

Consider a solution v = f(u; 0, vp) of the system
Gy =d(u,v) = A (u)v + Ax(u)v® + As(u)v® + . ..
with initial conditions in ug = 0, vp. It can be written as a series

v=f(u;0,v0) = ar(u)vo + ao(u)v@ + - + ar(u)vE + ...

Substituting this function into the diff. equation for v(u), we get

& [an(uvo + a(u)g + -+ a(u) + .| =

Al(u)[al(u)vo+az(u)vg+. . } A [al(u)vo+a2(u)vg+. . .r+. y

or

) (u)vo+as(u) e+ - +a (u)vE+ - =

A (u)ar (0)vo + [Al(u)az(u)+A2(u) [al(u)ﬂ ...
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Poincare First Return Map (Cont’d)

This gives recurrent equations on unknown functions a;(u):
a(u) = Av)a(v),
2
() = A(u)ar(u)+ Ax(u) [ax(u)] "

where the initial conditions a;1(0), a2(0), ... are defined by the
series
vo = f(u;0, vp) - a1(0)vo + a2(0)vg + - - + ar (O) v + ...
u=
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Poincare First Return Map (Cont’d)

This gives recurrent equations on unknown functions a;(u):
a(u) = Av)a(v),
2
() = A(u)ar(u)+ Ax(u) [ax(u)] "

where the initial conditions a;1(0), a2(0), ... are defined by the
series
vo = f(u; 0, vo) - a1(0)vo + a2(0)v3 + - - - + ar(0)v& + ...
u=
U
a1(0) =1, a(0)=a3(0)=---=a,(0)=---=0
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Poincare First Return Map (Cont’d)

The Poincare first return map, defined on / = {u = 0}, will be

v="~(T;0,v) = al(T)vo+32(T)vg+---+ak(7')vé<+...

= a1v0+042v02+---+04kvé(—|—...
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Poincare First Return Map (Cont’d)

The Poincare first return map, defined on / = {u = 0}, will be

v="1(T;0,w) = al(T)vo+32(T)vg+---+ak(7')vé<+...

= a1v0+042v02+---+04kvé(—|—...

To check stability of a simple cycle we need to know only
df(T;0,v)
dvg

_= al
vo=0
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Poincare First Return Map (Cont’d)

The Poincare first return map, defined on / = {u = 0}, will be

v="1(T;0,w) = al(T)vo+32(T)vg+---+ak(7')vé<+...

= a1v0+042v02+---+04kvé(—|—...

To check stability of a simple cycle we need to know only
df(T;0,v)
dvg

_= al
vo=0

If o <1 = the cycle is stable

If vy >1 = the cycle is unstable
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Poincare First Return Map (Cont’d)

The constant a; = a1(T) is known as a multiplier of the cycle.
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Poincare First Return Map (Cont’d)

The constant oy = a1(T) is known as a multiplier of the cycle. Its
value can be explicitly found:

e Integrate the equation: aj = Aj(u)a;, a1(0) =1.
The answer is T

21(T) = exp /Al(u)du 21(0)

0
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Poincare First Return Map (Cont’d)

The constant oy = a1(T) is known as a multiplier of the cycle. Its
value can be explicitly found:

e Integrate the equation: aj = Aj(u)a;, a1(0) =1.
The answer is T

21(T) = exp /Al(u)du 21(0)
0
e We know that

() = PL{o{u): 9+ (6(w), ()~
——[In{/(w)? + v/ (u)?}]
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Poincare First Return Map (Cont’d)

The constant oy = a1(T) is known as a multiplier of the cycle. Its
value can be explicitly found:

e Integrate the equation: aj = Aj(u)a;, a1(0) =1.
The answer is

-

a1(T) = exp [/ Al(”)dU] a1(0)
0

e We know that

() = PL{o{u): 9+ (6(w), ()~
——[In{/(w)? + v/ (u)?}]
then

.
ap = a(T) =exp {/ {PL((u), ¥ (u)) + Q) (¢(u), d(u)) } dU]

0
(© Anton Shiriaev and Robotikum freeware 30/49



Example:

x = —y—ax(x2+y2—1) = P(x,y)
y = x—5y(x2+y2—1> = Q(x,y)
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Example:

X = —y-—ex (X2 +y? - 1) = P(x,y)
y = x-—dy (X2+y2 - 1) = Qx.y)
The system has a cycle

x=¢(u)=cosu, y=1v(u)=sinu, 0<u<2r
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Example:

X = —y—ax(x2+y2—1) = P(x,y)
y = X—5y(x2+y2—1> = Q(xy)
The system has a cycle
x=¢(u)=cosu, y=1v(u)=sinu, 0<u<2r

The verify (in)stability of this cycle, one can compute

27
a1 = exp [{ {P;(qb(u),w(u)) + Q;(gZ)(u), ¢(U))} d“]

= exp Ef{ — 2e cos?(u) — 255in2(u)} du] = exp[—27r(5 + 5)}
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Example:

X = —y—ax(x2+y2—1) = P(x,y)
y = X—5y(x2+y2—1> = Q(xy)
The system has a cycle
x=¢(u)=cosu, y=1v(u)=sinu, 0<u<2r

The verify (in)stability of this cycle, one can compute

27
a1 = exp [{ {P;(qb(u),w(u)) + Q;(qﬁ(u), ¢(U))} d“]

= exp Ef{ —2ecos?(u) — 26 sinz(u)} du] = exp [—27r(5 + 5)}

If (¢+d)>0 = the cycle is orbitally stable
If ¢+0)<0 = the cycle is unstable
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Small Parameter Methods




Small Parameter Methods

One way for finding periodic solutions is based on:
Closeness (in some sense) of our system to another one,

which possesses a cycle
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Small Parameter Methods

One way for finding periodic solutions is based on:
Closeness (in some sense) of our system to another one,
which possesses a cycle

Consider a system
X = Xo(X) + MX(M,X) = XQ(X)+MX1(X)+M2X2(X)+. ..
+oo
- S
k=0
where 1 is small parameter; x is state vector. It is assumed that

the system
Y X = Xo(x)

has T-periodic solution X(0) = X(o)(t)-
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Small Parameter Methods

One way for finding periodic solutions is based on:
Closeness (in some sense) of our system to another one,
which possesses a cycle

Consider a system

X = Xo(X) + MX(M,X) = XQ(X)—l-,qu(X)—I-Mng(X)—I-. ..
+oo
= Z,uka(x)
k=0

where 1 is small parameter; x is state vector. It is assumed that

the system
Y X = Xo(x)

has T-periodic solution X(0) = X(o)(t)-

When does the system with 1 # 0 have a cycle?
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Small Parameter Methods (Cont’d)

It is suggested to search a periodic solution x,(t) in the form of

series
X (t) = x(0) () + px1) (1) + pPx2) (¢ ZM Xy

where functions x(,(-) are chosen somehow.
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Small Parameter Methods (Cont’d)

It is suggested to search a periodic solution x,(t) in the form of

series
—+00
X (t) = X0y (t) + px(uy(£) + 12x2) (£) + -+ = Zﬂkx(k)(t)a
k=0

where functions x(,(-) are chosen somehow.

Precautions:

e Even the nominal solution x()(t) is of period T, the function
x«(t) can be of different (unknown) period

x(t) = X (t + T+ A(u)) ;
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Small Parameter Methods (Cont’d)

It is suggested to search a periodic solution x,(t) in the form of

series
X (t) = x(0) () + px1) (1) + pPx2) (¢ ZM Xy

where functions x(,(-) are chosen somehow.

Precautions:

e Even the nominal solution x()(t) is of period T, the function
x«(t) can be of different (unknown) period

x(t) = X (t + T+ A(u)) ;

e functions x(,(t) are not necessarily periodic, but if periodic,

they can be of different periods.
(© Anton Shiriaev and Robotikum freeware 33/49



Example:

Consider an expansion of sin(w + )t in powers of pu:

! 2
+ps...

sin(w + p)t = [sin(w + u)t} ‘M:O—i_ 1 [sin(w + M)t} L

I

= sinwt +putcoswt—5(ut) sinwt+...
—— { , 2( )

= X(0)(t) it grows! it grows!
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Example:

Consider an expansion of sin(w + )t in powers of pu:

/

sin(w + p)t = [sin(w+u)t} ‘ +u [sin(w+u)t} + 2.
n=0 1] =0
o . 1 2 .
= sinwt +ptcoswt —5 (put) sinwt+...
= X(0)(t) it grows! it grows!
The terms in the expansion with factors ut, (ut)?, .. .are known

as secular terms in celestial mechanics. They grow without a
bound with time for any p # 0!
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Example:

Consider an expansion of sin(w + )t in powers of pu:

!/
sin(w + p)t = [sin(w+u)t} ’ +u [sin(w+u)t} + 2.
n=0 1] =0
o . 1 2 .
= sinwt +ptcoswt —5 (put) sinwt+...
= X(0)(t) it grows! it grows!
The terms in the expansion with factors ut, (ut)?, .. .are known

as secular terms in celestial mechanics. They grow without a
bound with time for any p # 0!

Taking into account only a few terms in series always BAD!

Such approximation can be only used for finite time interval [0, 7]

with, let say, 7 ~ /%
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Example (Rayleigh system):

>'é—|—w2x:,u(1—>'<2)>'<
Let us find a periodic solution of the system as a formal series

X*(t) = X(O)(t) + [,LX(l)(t) + M2X(2)(t) + ...
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Example (Rayleigh system):

>'é—|—w2x:,u(1—>'<2)>'<
Let us find a periodic solution of the system as a formal series

X(£) = x(0) (1) + px(a) (1) + pPx2) (1) +

To find functions x), one plugs-in this series into the equation
2
% [X(O)(t)—FIU,X(l)(t)—F. . .}HUZ |:X(0)(t)+,U,X(1)(t)+. . ] =

u(l {dt[ X(0) (£)+px()(t)+- ”2> %[x(o)(t)Jrux(l)(t)Jr...}
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Example (Rayleigh system):

>'é—|—w2x:,u(1—>'<2)>'<
Let us find a periodic solution of the system as a formal series

X(£) = x(0) (1) + px(a) (1) + pPx2) (1) +

To find functions x), one plugs-in this series into the equation
2
% [X(O)(t)—FIU,X(l)(t)—F. . .}HUZ |:X(0)(t)+,U,X(1)(t)+. . ] =

u(l {dt[ X(0) (£)+px()(t)+- ”2> %[x(o)(t)Jrux(l)(t)Jr...}

Collecting terms in powers of u, one gets
o 2 1y 2 - . 3
p (XO) Tw ><O>)+H (&1) T WiX1) = Xo) + Xo) ) +
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Example (Cont’d):

The recurrent differential equations for functions x(, are:

101 Koy +wxo) =0, X0)(0) = A, X)(0) =0
ph Xy twixa) — Xo) ) =00 x0)(0) =0, ¥1)(0) =0
2 .. _ 0

P2 Koy +wiy +--- =0, X2)(0) =0, X2(0)
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Example (Cont’d):

The recurrent differential equations for functions x(, are:

101 Koy +w?xo) =0, X0)(0) = A, %0)(0) =0

ph Xy twixa) — Xo) ) =00 x0)(0) =0, ¥1)(0) =0

JTRE X2) + w2>{2) +-.-=0, X2)(0) =0, X2)(0) =0
Then

ul Xo)(t) = Acoswt

. . 2 e .3
A5 X T T X0) T Xo)
= Aw (%A2w2 — 1) sinwt — %A3w3 sin 3wt
The function x(1) can grow linearly (= ct) due to resonance! It is

the secular term in the expansion for xi.
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Example (Cont’d):

To avoid secular terms, let us allow the frequency w of cycle of

perturbed system to change in recurrent computations:

p? = w?+ phy + pPho + ...
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Example (Cont’d):

To avoid secular terms, let us allow the frequency w of cycle of
perturbed system to change in recurrent computations:

p? = w? + phy + pPhy + ...

To find functions x4y, one plugs-in this series into the equation

e [X(o)+MX<1)+- : -}+w2 [X(0)+MX(1>+- : } =

j—; [x(o)+ux(1)+. . -}+[p2—,uh1—,u2h2— .. .Mx(o)—i—ux(l)—i—. . } =

,u<1 - {%[x(o) +pxa) + - } }2> %[X(O) + pxay + - }
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Example (Cont’d):

To avoid secular terms, let us allow the frequency w of cycle of
perturbed system to change in recurrent computations:

p? = w?+ phy + pPho + ...

To find functions x4y, one plugs-in this series into the equation

e [X(o)+MX<1)+- : -}+w2 [X(0)+MX(1>+- : } =

j—; [x(o)+ux(1)+. . -}+[p2—,uh1—,u2h2— .. .Mx(o)—i—ux(l)—i—. . } =

,u<1 - {%[x(o) +pxa) + - } }2> %[X(O) + pxay + - }

Parameters
hla h27

will be chosen to cancel secular terms in the expansion!
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Example (Cont’d):

The recurrent differential equations for functions x(,) are

10 Xoy+p*X0) =0, p? = o2
HUE Xy TP~ hixo) —Xo +Xg) = 00 P = Wi
P XotpPxe +o =0, p? = W’ phy+p?h
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Example (Cont’d):

The recurrent differential equations for functions x(,) are

10 Xoy+p*X0) =0, p? = o2
HUE Xy TP~ hixo) —Xo +Xg) = 00 P = Wi
P XotpPxe +o =0, p? = W’ phy+p?h

If the initial conditions are x)(0) = A, X0)(0) = 0, then

X0)(t) = Acos pt
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Example (Cont’d):

The recurrent differential equations for functions x(,) are

10 Xoy+p*X0) =0, p? = o2
HUE Xy TP~ hixo) —Xo +Xg) = 00 P = Wi
P XotpPxe +o =0, p? = W’ phy+p?h

If the initial conditions are x)(0) = A, X0)(0) = 0, then

X0)(t) = Acos pt

X1) is a solution of next eqn with x1)(0) =0, x1)(0) =0

. 2 o . .3
X TP 1) = MX0)TX0)~Xo)
= hiAcospt+ Ap (%A2p2 — 1) sin pt —%A3p3 sin 3pt
——
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Example (Cont’d):

The recurrent differential equations for functions x(,) are

10 Xoy+p*X0) =0, p? = o2
HUE Xy TP~ hixo) —Xo +Xg) = 00 P = Wi
P XotpPxe +o =0, p? = W’ phy+p?h

If the initial conditions are x)(0) = A, X0)(0) = 0, then

X0)(t) = Acos pt

X1) is a solution of next eqn with x1)(0) =0, x1)(0) =0

. 2 o . .3
X TP 1) = MX0)TX0)~Xo)
= hiAcospt+ Ap (%A2p2 — 1) sin pt —%A3p3 sin 3pt
——

Then hy =0, A=2/pV3, and p?> =w?+puh; = A =2/w\/3

(© Anton Shiriaev and Robotikum freeware
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Example (Cont’d):

Solving the differential equation for x1), one gets
3

A’pr. .
>{1)(t)—3—2 sm3pt—3smpt}, A=2/pV3, p=w
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Example (Cont’d):

Solving the differential equation for x1), one gets

3

A’pr. .
41)(1”)—3—2 sm3pt—3smpt}, A=2/pV3, p=w

So that the 1st order approximation of periodic solution x.(t) is
x(t) = xo)(t) + pxy(t)

2
= ——coswt+ K

V3w 124/3w?

sin 3wt — 3sin wt]
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15

0.5~

dx / dt
o
T

-15 L 1 1 1 I
-15 -1 -0.5 0 0.5 1 15

Figure 1: simulated periodic solution x.(t) of the Rayleigh's system
when w =1 and = 0.1,
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0.005

X(0) = X,

-0.005

-0.01

-0.015
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time (sec)

Figure 2: Errors between the cycle x.(t) simulated over the period and
its 0-order and 1st-order approximations, when w =1 and p = 0.1.
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Example (Cont’d):

To improve an accuracy, one can consider next functions Xy in
the expansion. For instance, to derive the 2nd order approximation

x(t) & Xo)(t) + pxa)(t) + 1 Xx2)(2).
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Example (Cont’d):

To improve an accuracy, one can consider next functions Xy in
the expansion. For instance, to derive the 2nd order approximation

x(t) & Xo)(t) + pxa)(t) + 1 Xx2)(2).

For that one needs to solve the next recurrent equation

Xo) + PX2) = hxy +hoxo) + X1 — 30X
——

=0
B 3 5 p? 4t
= A<h2— 32A + 128A cos pt +
=0
+ A3 2(7_@,42 2) cos 3pt + 198 A5p4c055pt
2
p> = W+ ph+ pPh :wz—%
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Krylov-Bogolyubov Method

Consider the system
%+ w?x = puf(x, %),
The previous approach is to approximate periodic solution as

x(t) = x0)(t) + pxy(t) + 1x) (1) + - + 1 x (1)
= Acos pt + px(1) () + 12 x2)(8) + - - + 1Fx (t)
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Krylov-Bogolyubov Method

Consider the system
%+ w?x = puf(x, %),
The previous approach is to approximate periodic solution as

x(t) = x0)(t) + pxy(t) + 1x) (1) + - + 1 x (1)
= Acos pt + px(1) () + 12 x2)(8) + - - + 1Fx (t)

Krylov and Bololyubov suggested in 1930s the next modification
x(t) & acost+ pxay(t) + ix) () + -+ i x ()
where a and ¢ are functions defined by equations
a = pAia) + p*Ax(a) + - + p"An(a)
Y = wtpBy(a) +p?By(a) + -+ u"By(a)
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Example (Van der Pol equation)

X+ wx = pf(x, %) = p(l — x?)x
As known, the system has an exponentially orbitally stable periodic
solution x,(t) for u > 0.

(© Anton Shiriaev and Robotikum freeware 44/49



Example (Van der Pol equation)

X+ wx = pf(x, %) = p(l — x?)x
As known, the system has an exponentially orbitally stable periodic
solution x,(t) for > 0. Let us try to approximate it as

x(t) = a(t)cos(t),  a(t) = pAr(a(t)), 9(t) = w+ pBa(a(t))
where the functions A;(-), Bi(+) are to be found.
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Example (Van der Pol equation)

X+ wx = pf(x, %) = p(l — x?)x
As known, the system has an exponentially orbitally stable periodic
solution x,(t) for > 0. Let us try to approximate it as

x(t) = a(t)cos(t),  a(t) = pAr(a(t)), 9(t) = w+ pBa(a(t))
where the functions A;(-), Bi(+) are to be found.

Step 1: To get the first equation relating A1 (-), Bi(-), one can
postulate the form of x, as

X¢ = —awsiny
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Example (Van der Pol equation)

X+ wx = pf(x, %) = p(l — x?)x
As known, the system has an exponentially orbitally stable periodic
solution x,(t) for > 0. Let us try to approximate it as

x(t) = a(t)cos(t),  a(t) = pAr(a(t)), 9(t) = w+ pBa(a(t))
where the functions A;(-), Bi(+) are to be found.

Step 1: To get the first equation relating A1 (-), Bi(-), one can
postulate the form of x, as

X¢ = —awsiny = écosz/;—asinz/)@b
= wpAi(a)costy — awsinp — paBy(a)siny

4

Ai(a)cos) = aBi(a)siny
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Example (Van der Pol equation)

Step 2: Substitute the approximation for x, into the equation:

Retw?x, = % [—aw sin qb} +w? {a cos w}
= —dwsinty — aw cos Y1) + w?acos
= —pA(a)wsin ) —aw cos ) [w—+puBy(a)]+w?acos
= —pAi(a)wsin ) —paw cos By (a) = ,uf(acosd),—aw sin w)
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Step 2: Substitute the approximation for x, into the equation:
Xetw?x, = 4 [—aw sin qb} +w? {a cos w}
= —dwsinty — aw cos Y1) + w?acos
= —pA(a)wsin ) —aw cos ) [w—+puBy(a)]+w?acos
= —pAi(a)wsin ) —paw cos By (a) = ,uf(a Cos 1), —aw sin w)

The equations from Steps 1-2 result in expressions:

Ai(a) = —Sizj¢f<acosw,—awsinw)

Bi(a) = —Coswf(acosz/z,—awsinz/z)

aw
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Example (Van der Pol equation)

Step 2: Substitute the approximation for x, into the equation:
Xetw?x, = 4 [—aw sin qb} +w? {a cos w}
= —dwsinty — aw cos Y1) + w?acos
= —pA(a)wsin ) —aw cos ) [w—+puBy(a)]+w?acos
= —pAi(a)wsin ) —paw cos By (a) = ,uf(a Cos 1), —aw sin w)

The equations from Steps 1-2 result in expressions:

Ai(a) = —Sin¢f<acosw,—awsinw)

w

Bi(a) = —Coswf(acosz/z,—awsinz/z)

aw

Look at the right hand sides, they are dependent on !
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Example (Van der Pol equation)

To remove such dependence, we average them by 1) over period:

Ai(a) :—/Sm acosw,—awsinw> dvp

(1‘4>

Bi(a) = —;T/Czcsjjf (acosw,—awsin w) dy =0

N |
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Example (Van der Pol equation)

To remove such dependence, we average them by 1) over period:

Ai(a) :—/Sm acosw,—awsinw> dvp

(1‘4>

Bi(a) = —;T/Czcsjjf (acosw,—awsin w) dy =0
0

N |

So that the approximation for x.(t) is
x(t) = a(t)cosw(e). 5=pl (1 - ) R
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Example (Van der Pol equation)

The equation for the amplitude a of the approximation can be
further rewritten as

. d a2
2aa = pm [32} = pa’ <1 — 4>
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Example (Van der Pol equation)

The equation for the amplitude a of the approximation can be
further rewritten as

2aa—a[a]—ua <1 4>

It has equilibria at
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Example (Van der Pol equation)

The equation for the amplitude a of the approximation can be
further rewritten as

. d a2
2aa = pm [32} = pa’ <1 — 4>

It has equilibria at

It is seen that

e the equilibrium at a = 0 is unstable;
e the equilibrium at a = 2 is stable
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Example (Van der Pol equation)

The equation for the amplitude a of the approximation can be
further rewritten as

. d a2
2aa = pm [32} = pa’ <1 — 4>

It has equilibria at

It is seen that

e the equilibrium at a = 0 is unstable;
e the equilibrium at a = 2 is stable

The final form of the improved O-order approximation of the
periodic solution x.(t) is

x(t) & a(t) cos)(t) = 2 coswt
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Figure 3: The simulated solution of the system when w =1 and p = 0.1.
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Figure 4: The simulated periodic solution x.(t) vs. its improved O-order
approximation, when w =1 and ¢ = 0.1
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