Lecture 5

Orbital Stability and Stabilization for Underactuated Systems

Anton Shiriaev
Stockholm, 2018-10-01

Learning outcomes: Concepts of moving Ponicare sections,
transverse coordinates and transverse linearization for a solu-
tion of a nonlinear system. Andronov-Vitt theorem. Choices of
transverse coordinates and transverse linarization for motions of
underactuated mechanical systems. Examples
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1. Transverse dynamics and transverse coordinates
1.1 Moving Poincare sections

1.2 Andronov-Vitt theorem

1.3 Challenges in orbital feedback stabilization

1.4 Generic choice of transverse coordinates
2. Transverse coordinates for mechanical systems

3. Transverse linearization for mechanical systems
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Transverse dynamics



Dynamics in a vicinity of a cycle

Given a T-periodic solution x*(),
x*(t) = x*(t+ T) Vt, of the system

x=f(x), xeR>,

for analyzing its local properties
introduce a family of transverse
sections {S(7)}, 7 € [0, T], which
union can recreate a tubing vicinity of the cycle.
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Dynamics in a vicinity of a cycle

Given a T-periodic solution x*(),
x*(t) = x*(t+ T) Vt, of the system

x=f(x), xeR>,

for analyzing its local properties
introduce a family of transverse
sections {S(7)}, 7 € [0, T], which
union can recreate a tubing vicinity of the cycle.

Defining hypersurfaces {S(7)}, (o 7} implies a change of coordinates:
R*" 5 x(7) + [0(7) € R, x, € S(7)], T€[0,T]
such that in new coordinates the periodic solution x*(-) is
0=0"(t), x](t)=0, vt
Orbital asymptotic stability of x*(-) means that x, (t) — 0 as t — cc.
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Dynamics in a vicinity of a cycle

Given a T-periodic solution x*(),
x*(t) = x*(t+ T) Vt, of the system

x=f(x), xeR>,

for analyzing its local properties
introduce a family of transverse
sections {S(7)}, 7 € [0, T], which
union can recreate a tubing vicinity of the cycle.

The linearization of the dynamics of the system in a vicinity of x*(-)
2= [5f(x)] ‘x:x*(t) z=A(t)z, zeR™

e cannot be stable since 6(t) 4 0 as t — +oo
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Dynamics in a vicinity of a cycle

Given a T-periodic solution x*(),
x*(t) = x*(t+ T) Vt, of the system

x=f(x), xeR>,

for analyzing its local properties
introduce a family of transverse
sections {S(7)}, 7 € [0, T], which
union can recreate a tubing vicinity of the cycle.

The linearization of the dynamics of the system in a vicinity of x*(-)
2= [5f(x)] ‘x:x*(t) z=A(t)z, zeR™

e cannot be stable since 6(t) 4 0 as t — +oo

e has a linear invariant subspace of co-dimension 1, which vectors
approximate time evolution of transverse coordinates x| (+).
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Andronov-Vitt theorem (1930)

Given a T-periodic solution
xX*(t)=x*(t+T) Vt
of the system

x = f(x), x€R>".
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Andronov-Vitt theorem (1930)

Given a T-periodic solution Consider the linearization of the

dynamics of the system in a

X(t)=x"(t+T) Vit vicinity of x*(-)

f th t s )
(o] € system 5 = [Wf(x)] ‘X:X*(t) >
x = f(x), x€R>". = A(t)z, z € R,
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Andronov-Vitt theorem (1930)

Given a T-periodic solution Consider the linearization of the

dynamics of the system in a

X(t)=x"(t+T) Vit vicinity of x*(-)

f th t s )
(o] € system 5 = [Wf(x)] ‘X:X*(t) >
x = f(x), x€R>". = A(t)z, z € R,

Consider the (2n x 2n)-matrix function ®(-) defined as a solution of

F0(t) = At)o(t),  ®(0) = b
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Andronov-Vitt theorem (1930)

Given a T-periodic solution Consider the linearization of the

dynamics of the system in a

X(t)=x"(t+T) Vit vicinity of x*(-)

f th t s )
(o] € system 5 = [Wf(x)] ‘X:X*(t) >
x = f(x), x€R>". = A(t)z, z € R,

Consider the (2n x 2n)-matrix function ®(-) defined as a solution of

F0(t) = At)o(t),  ®(0) = b

One of eigenvalues of the monodromy matrix ®(T) equals to 1.
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Andronov-Vitt theorem (1930)

Given a T-periodic solution Consider the linearization of the

dynamics of the system in a

X(t)=x"(t+T) Vit vicinity of x*(-)

f th t s )
(o] € system 5 = [&f(x)] ‘X:X*(t) >
x = f(x), x€R>". = A(t)z, z € R,

Consider the (2n x 2n)-matrix function ®(-) defined as a solution of

F0(t) = At)o(t),  ®(0) = b

One of eigenvalues of the monodromy matrix ®(T) equals to 1.

If the amplitudes of (2n — 1) eigenvalues of the matrix ®(T) are
less than 1, then the solution x*(+) is exponentially orbitally stable.

(© Anton Shiriaev and Robotikum freeware 4/14



Challenges in orbital feedback stabilization

Given a T-periodic solution x*(-) of the nonlinear control system
x = f(x)+ g(x)u, x€R* ueR™,

obtained in response of an input u*(-) = 0, consider the task to
design a controller for asymptotic orbital stabilization of x*(-)
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Challenges in orbital feedback stabilization

Given a T-periodic solution x*(-) of the nonlinear control system
x = f(x)+ g(x)u, x€R* ueR™,

obtained in response of an input u*(-) = 0, consider the task to
design a controller for asymptotic orbital stabilization of x*(-)

Any orbitally stabilizing feedback controller
u=U(x)
will satisfy the interpolation condition

U(X)|x:><*(t) EO, vVt
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Challenges in orbital feedback stabilization

Given a T-periodic solution x*(-) of the nonlinear control system
x = f(x)+ g(x)u, x€R* ueR™,

obtained in response of an input u*(-) = 0, consider the task to
design a controller for asymptotic orbital stabilization of x*(-)

Any orbitally stabilizing feedback controller
u=U(x)
will satisfy the interpolation condition

U(X)|x:><*(t) EO, vVt

For a smooth U(-), it can be written as (see Hadamard lemma)
u= K(x)x.(x),

where x| () are transverse coordinates for the motion x*(-)
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Challenges in orbital feedback stabilization

In a vicinity of the T-periodic solution x*(-) the system can be
written in new coordinates

X=100; x1], 0€R, x eR>*?

as 9% = (%) + &(%)u.
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Challenges in orbital feedback stabilization

In a vicinity of the T-periodic solution x*(-) the system can be

written in new coordinates
X=100; x1], 0€R, x eR>*?

as 45 =f(%)+g(x)u.

With a feedback controller candidate
u=K(X)xL.
the closed loop system becomes

45 =f(%)+E(R)K(X)xL.
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Challenges in orbital feedback stabilization

In a vicinity of the T-periodic solution x*(-) the system can be
written in new coordinates

X=100; x1], 0€R, x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.

The linearization of the closed loop system in a vicinity of x*(-) is

2= [&F®)] 2+ [ K|, 2

x=x*(t)
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Challenges in orbital feedback stabilization

In a vicinity of the T-periodic solution x*(-) the system can be
written in new coordinates

X=100; x1], 0€R, x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.

The linearization of the closed loop system in a vicinity of x*(-) is

2= Atz + [F AR 2
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Challenges in orbital feedback stabilization

In a vicinity of the T-periodic solution x*(-) the system can be
written in new coordinates

X=100; x1], 0€R, x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.

The linearization of the closed loop system in a vicinity of x*(-) is

2= Atz + [FAERKR)} x0 + E(RIK(R) x|

y4
x=x*(t)
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Challenges in orbital feedback stabilization

In a vicinity of the T-periodic solution x*(-) the system can be
written in new coordinates

X=100; x1], 0€R, x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.

The linearization of the closed loop system in a vicinity of x*(-) is

2= A0)z + [FERKEH0+ BRG] 2
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Challenges in orbital feedback stabilization

In a vicinity of the T-periodic solution x*(-) the system can be
written in new coordinates

X=100; x1], 0€R, x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.

The linearization of the closed loop system in a vicinity of x*(-) is

2=Alt)z+ g(%) {K(g)%XJ'”x:X*(t)Z
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Challenges in orbital feedback stabilization

In a vicinity of the T-periodic solution x*(-) the system can be
written in new coordinates

X=100; x1], 0€R, x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.

The linearization of the closed loop system in a vicinity of x*(-) is

2= A(t)z + B(t) [K(3) x| ]X:m) z

=V
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Challenges in orbital feedback stabilization

In a vicinity of the T-periodic solution x*(-) the system can be
written in new coordinates

X=100; x1], 0€R, x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.
The linearization of the closed loop system in a vicinity of x*(-) is

z=A(t)z+ B(t)v, v=k(t)ox,, zeR?> §x; cR>!
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Challenges in orbital feedback stabilization

In a vicinity of the T-periodic solution x*(-) the system can be
written in new coordinates

X=100; x1], 0€R, x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.
The linearization of the closed loop system in a vicinity of x*(-) is
z=A(t)z+ B(t)v, v=k(t)ox,, zeR?> §x; cR>!
By Andronov-Vitt theorem the linear feedback controller

with the gain k(-) is not stabilizing the origin of this system
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Challenges in orbital feedback stabilization

Orbital stabilization of the T-periodic solution x*(-) the system
x€RM: Gx=1f(x)+g()u, [x(), v"()]

by linearization requires feedback stabilization of linearization of
dynamics of transverse coordinates
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Challenges in orbital feedback stabilization

Orbital stabilization of the T-periodic solution x*(-) the system
x€RM: Gx=1f(x)+g()u, [x(), v"()]

by linearization requires feedback stabilization of linearization of
dynamics of transverse coordinates

With change of coordinates x ++ % = [# € R}; x; € R*" 1] :

45 =F(2)+ &R, [0°() x7() = 0; u* ()]

It requires stabilizing an 'invariant subspace of the linearization

z=A(t)z+B(t)v, v=k(t)ox,, z€R?> dx; eR>™ 1 veR"

of the system dynamics of co-dimension one: dx; =0 .
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Generic choice of transverse coordinates

Given a T-periodic pair [ x*(+), u*(-)] of the system
Ix =f(x)+g(x)u, x€eR" ueR”

how to define the transverse coordinates x; € R?"~1 for the motion?
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Generic choice of transverse coordinates

Given a T-periodic pair [ x*(+), u*(-)] of the system
Ix =f(x)+g(x)u, x€eR" ueR”

how to define the transverse coordinates x; € R?"~1 for the motion?

Step 1: Given t, € [0, T] and the vector vo := & x*(t,), choose a
set of vectors

V] € R2n, Vo € Rzn, ey Wop1 € R2n
such that the (2n x 2n)-matrix
[V07 Vi, V2, ..., V2n71]

is of rank 2n
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Generic choice of transverse coordinates

Given a T-periodic pair [ x*(+), u*(-)] of the system
Ix =f(x)+g(x)u, x€eR" ueR”

how to define the transverse coordinates x; € R?"~1 for the motion?

Step 1: Given t, € [0, T] and the vector vo := & x*(t,), choose a
set of vectors

v eR?” weR™ .., v, R
such that the (2n x 2n)-matrix
[vo, vi, v2, ..., van_1]
is of rank 2n
Step 2: Choose v;(t) for all t € [0, T] to be periodic and smooth.
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Transverse coordinates




Summary for Motion Representation of MS

Given an Euler-Lagrange system

d [oL oL

== === =B

dt {567] dq (a)u
dimg —dimu=1,

with
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Summary for Motion Representation of MS

Given an Euler-Lagrange system

d [oL oL

== === =B

dt {567] dq (a)u
dimg —dimu=1,

with

consider the geometrical relations

g =0¢10), q=020), ..., qn=n(0)

relating the coordinates g; and the new variable 6.
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Summary for Motion Representation of MS

Given an Euler-Lagrange system

d [oL oL

== === =B

dt {567] dq (a)u
dimg —dimu=1,

with

consider the geometrical relations
a1 = ¢1(9)a a2 = ¢2(9)1 RN} an = ¢n(9)

relating the coordinates g; and the new variable 6.

Compute the coefficients of the system
a(0)0 + B(0)0% + ~(0) = 0,

and choose one of its solutions, 6*(t).

Then, mechanical system has the motion
qi(t) = ¢1(0%(t)), q2(t) = d2(07(1)), ..., qn(t) = da(07(1))

(© Anton Shiriaev and Robotikum freeware 9/14



Transverse Coordinates for MS:
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Given a T-periodic motion

a*(6) = (a(0) a2(0), . ai(0))

There are n-functions

¢1(')> ¢2(')7 ) ¢n()
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Transverse Coordinates for MS:

Given a T-periodic motion

a*(6) = (a(0) a2(0), . ai(0))

There are n-functions

¢1(')> ¢2(')7 ) ¢n()

We can always assume that g, =0 = ¢,(+) is trivial!
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Transverse Coordinates for MS:

Given a T-periodic motion

a*(6) = (a(0) a2(0), . ai(0))

There are n-functions

¢1(')> ¢2(')7 ) ¢n()

We can always assume that g, =0 = ¢,(+) is trivial!

New n-generalized coordinates are 6 and y = (yl, cee y,,_l)

vi=q—¢1(0), ..., VYa-1=Gqn-1— dn-1(0)
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Transverse Coordinates for MS:

Given a T-periodic motion
;
g (6) = (ai(0), G3(0), -, a3(1))

There are n-functions

¢1(')> ¢2(')7 ) ¢n()

N

We can always assume that g, =0 = ¢,(+) is trivial!

New n-generalized coordinates are 6 and y = (yl, ceey y,,_l)
i=aq—¢1(0), ..., Yo-1=qn-1— ¢n-1(0)
For a motion of the E-L system with x = (qg1,...,9n, G1,...,Gn)" a

candidate for transverse coordinates x is given by

T

XL = |:I(97079*(0)79*(0))7 Yiy «-s Yn—1, }71, © 909 .)./n—l
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Transverse linearization




Transverse Linearization: Example

.
Given a T-periodic motion ¢*(t) = (q{(t), ay(t), ..., qﬁ(t)) of
the mechanical system

d [0L oL

2= 2= B

dt [aq} oq ~ Blau.
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Transverse Linearization: Example

Given a T-periodic motion g*(t) = (q{(t), ay(t), ..., qﬁ(t))T of
the mechanical system
% 15%6] - 56 —e@n
Rewrite the dynamics in the coordinates: 6, y = (y1,...,Yn—1)
i=q—¢(0), ..., ¥Yn-1=0dn-1— ¢n-1(0)
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Transverse Linearization: Example

Given a T-periodic motion g*(t) = (q{(t), ay(t), ..., qﬁ(t))T of

the mechanical system

Rewrite the dynamics in the coordinates: 6, y = (y1,...,Yn—1)
i=q—¢(0), ..., ¥Yn-1=0dn-1— ¢n-1(0)

Under certain assumptions one can define feedback transform
u=(u1,...,Up-1) > v="_(v1,...,Vp_1)

such that the dynamics are

y=v, 0=N(0,0,y,y,9)
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Transverse Linearization: Example

We know that if y = y = y = v = 0, then the equation
b=N(0.0,y,,7)

()0 + ()% + ~(6) =0
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Transverse Linearization: Example

We know that if y = y = y = v = 0, then the equation
b=N(0.0,y,,7)

()0 + ()% + ~(6) =0

Therefore the equation for 6 can be rewritten as

a0)d + B(0)6* +(0) = g,(6.6,6,y,y)y +
+87(0.0,0,y,9)y + 8.(0.0,y.y)y

The functions g, (-), gy(-) and g,(-) are computed based on

e the Lagrangian L(-) of the system;
e functions ¢1(-), ..., ¢n—1(:) representing the target cycle

(© Anton Shiriaev and Robotikum freeware 12/14



Transverse Linearization: Example

The mechanical system written in y, #-coordinates is
o0)0 + BO) +1(0) = (6.0,6,y.y)y+
+8(0,0.6,,9)y +8.(60.0,y.y)v
y = v
We search for linearization of transverse dynamics
xi = [ 1(6.6.6°(0).6°(0)): y: y
around the target solution: y(t) =0, 6(t) = 0*(t)
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Transverse Linearization: Example

The mechanical system written in y, #-coordinates is
a(0)0 + B(0)0° +(0) = &(0.0.0,y.9)y +
+8y(0,0.0.y.y)y +8&/(0,0.y,y)v
j o= v
We search for linearization of transverse dynamics
s = [100,0.6°(0),0°(0)): yi v |
around the target solution: y(t) =0, 6(t) = 6*(t)

To do so, we use the differential relation

d . . 2 28(0) ., .
dtl(é),&,a,b)@{a(e)w (0 I(G,H,a,b)}

= {2 s Oyt a0y a0 - Z 10,000

(© Anton Shiriaev and Robotikum freeware 13/14



Transverse Linearization: Example

Consider the linear system of dimension (2n — 1)

ot = Z S [BOR) + B0 + Bw(0] -
— B ()(2)}
golt) = ve(t)
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Transverse Linearization: Example

Consider the linear system of dimension (2n — 1)

d C20%(t) (1. L .
a0 = ooy LB O + &0 + E(0ve(0)] -
— B (D)1 (1)}
Vo(t) = volt)
where
gy(t) = gy(eveaoaya}-/) 6= 0%(t), 6=0%(t)
0=0"(t), y=y=0
g}'/(t) = g)'/(gvévévyv)}) 0=0%(t), 0=06%(t)
6=0%(t), y=y=0
&(t) = gv(Q,é,y,y) 0 =0%(t), 6=06%(t)
y=y=0
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Transverse Linearization: Example

Consider the linear system of dimension (2n — 1)

1) = az(z,tgg){[gy(t)y@(t)+gy-(t)y'o(t)+gv(t)vo(t)}
— B (D))}
Vo(t) = volt)

If there is the stabilizing controller for this linear system

lo
V@(t) = K(t) Yo ) K(t) = K(t + T)a
Yo
then we suggest a nonlinear controller that stabilizes orbitally the target

periodic motion for the mechanical system
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