Lecture 7

Motion Control of the Butterfly Robot

Maksim Surov
Stockholm, 2018-10-22

Learning outcomes: Generalized Coordinates, Curve
Parametrization, Lagrange Equations of the I-st kind, Mechan-
ical Constraints, Motion Planning Problem
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The Butterfly Robot Overview



The Butterfly Robot Overview

e Study of the non-prehensile
manipulation problem

e How to teach a robot to
move an object with some
internal dynamics?

e With non-trivial dynamics of

objects interaction?
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The Butterfly Robot Overview

The problem depends significantly on physics of the interaction!
Physics of contact between rigid bodies.

The set-up was developed as a simplified version of the
non-prehensile manipulation problem in 2D
This allows to study the problems:

e verification of rigid-body \
contact model \ —
e slipping .

e friction a4
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Sensors, Actuators

1. the transparent plates

2. DC servo drive, Maxon brushed motor with
linear characteristic torque-current

3. high res encoder 8192pts/rev
4. industrial camera 200fps, 1.3Mpx

5. the CPU is processing the video stream,
estimates position of the ball with accuracy
=~ 20um, by 0.5msec

The signals are being measured:
e position of the ball: x, y, and maybe 1)
e position of the plates: 6

The control input:

e torque T

CV will be considered on the next lec
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Physics of the Butterfly Robot



Kinematics of the Robot

The “standard” generalized coordinates

ball has 3DOF

. vie (xy)
e plates have 1DOF ¥’ )
e system has 4DOF !
e 4 generalized coordinates 0
0 x

X,y — ball center

1) — ball angular position

0 — angular position of plates

the coordinates do not contain
information about the curve shapel!
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Geometry of a Plane Curve

We need to introduce the “local” coordinates which describe ball
position in a vicinity of the plates!

e Shape of the plates is given by §

e Plates in parametric form:
§:R—R?2

Assume sy is natural: H%‘?)

-

e define an auxiliary curve

p(s1) = d(s1) + n(s1) - R

with n(s;) = < 2 _01 )5’(51)

e reparametrize the curve p:

s(s1) = /51
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Geometry of a Plane Curve

New generalized coordinates:
e ball position along the curve p is
given by s
e in the perpendicular direction is
given by w
e it's angular position relative to the

frame is given by v

ball Cartesian coordinates:

r=T(0)(p(s) + n(s)w)
0= (05 )rma o= (o)

-1 0
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System Energy

We have generalized coordinates g = (6, s, w, )
Kinetic energy of the system

1 d
K = 5m ar(@, w, s)

differentiate r over time:

g %Jd (4+ 9')2 + %Jpéz

F=T -0(p+nw)+ T (p's+n'ws+nw)
and substitute
1712 = 2 (llpll> + w? + 29T w)

+ (1 + ||k w? + 27 x kw) §% 4+ w2

+2 <an +w—plkw + 7 x kw2> $0 — 2,0T7'V'V9
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System Energy

we have kinetic energy in a compact form

K(g.q9)=d"M(q)q

with ¢ = (6, s, w, ) and

J, J J,
|\p”2+w2+2anw+Fp+;d pTntw—plkw+7x kw? —pTr Fd
pTnd+w—plhkw+ 7 x kw? 14 [|k]]? w? + 27 X kw 0 0

M(q) = m T
—p'T 0 1 0
Jd 0 0 Jd
m m

Potential energy:

U(q) = mg-(0,1)-r
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Lagrange Equations

Lagrange equations:

M(q)d+ C(q.4)g+ G(q) = f

||p”2+wz+2anw+JFP+de pTn+w—plhkw+7xkw? —p'r JFd
an+W—kaW+T><kW[n 1+ || k|2 w? + 27 X kw 0 0
M(q) = m T
—p T 0 1 0
Jd Jd
" 0 0 a3
C(q,4) =

(0,1) T/ (p + nw)

0,1)- T (r+n'w

Gla) = mg | O T )
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Mechanical Constraints

We are mostly interested in motion with w = 0:
lol?+ 2+ 34 pTn —pTr i
m pﬂ 1 0 0 5
—p'r 0 1 0 0
J, J, )
d 0 0 d ¥
pTTs‘ pTré +p X ks ané —pTks 0 6
m —pT7r6 0 6+7xks 0 $
—pTnb—5  —0— 7T xks 0 0 0
0 0 0 0 »
(0,1)T'p
0,1) Tr
e (0,1) T

Normal component of the reaction force

F, = (_pTTé —pTnb? — 7 x ks? — 250 + g (0,1) T")

or if plates are much more massive, i.e. 0 =~ u/J,
u
Forem(—p'r——
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Equations of Motion

A disk is sliding over a rotating curve

Jo Jg\ - ) .
Omw+p+(?9+pnw+h¢+
m m
p 0%+ p 705+ p x ks®> +g(0,1) T'p = u/m
pTnb+ms—p'76>+g(0,1) Tr=0

h(é+¢):o
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Mechanical Constraints

No slipping: velocity of the contact point
1
b=—ps
Rbali
Holonomic constraint?
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Mechanical Constraints

No slipping: velocity of the contact point

Holonomic constraint!
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Mechanical Constraints

No slipping: velocity of the contact point

s
v= Rebai
Holonomic constraint!
Lagrange Equations of the I-st kind
Jd
llp H 0+ p"ns+ Jgih+
m
T psf+ 77 p¢95'—|—p x ks +g-(0,1)- T'p=u/m
. . F.
pTn+35—7"p? +g-(0,1)- T :
~ MR

g0+ Jgib = Fy
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Mechanical Constraints

Tangential component of the reaction force:

Fo=1 fnqu ((an+ Rba,,> 6 —7Tpf? +g-(0,1)- TT)

or

Jdm T u T o
Fon 29 ( R )7— i 0,1) T
t 1+mR<’0n+ ball A T 0 +g(0,1) TT
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Equations of Motion

Rolling of a disk over a rotating curve
<||p|\2+ oy J—") 6+ (p X T — i") s42r psb+px ks +g-(0,1)- T p=u/m
m m mR
</)><T—J—)(9+( + J >§—TTp92+g-(0,1)-TT:O
mR mR?2

and reaction forces

- Jdm T u T 92
Ft_]_-{—[nl-\)<<p n+Rba//>Jp T pg -l—g(O,l) TT

Fo=m <p7'J —pTnb? — T><k§2—2§6"+g-(0,1)-Tn)
P

it must be
F, >0
‘Ff| < Ffriction

We are able to control the disk motions!
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Motion Planning




Generalized coordinates

We cannot measure the coordinate s!
Curve reparametrization s = s(¢)
Then g = (6, 6)
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Generalized coordinates

M(q)d + C(g,4)d+ G(q) = (u,0)"
with
. llpl2 + a4 Jball (pXT—i%)s(b)
M(q) = ( (pXT— Jb%l) s ( Jba”)si

Cla d) S¢TTp(1.> SpT Tpb + (s¢p X K+ (p X T
q,4) =m .
7s¢er0 (1 + ba”) s¢s¢¢¢

_ (0,1)T'p
6(q) = me <(0, 1) TTSd))

) so0) 4’)
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Servo-Constraint

Let there is a relation

0 =0(¢)
it gives a motion generator equation

a(8)d + B(#)* + () =0

with

B Ibali 'y Ibali
o) )1
_ . Ipall " /2 Jball
6—m5¢<<p><7' mR)e Tpo
)

v =msyg-(0,1)- T(O)7

how to choose ©7
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Servo-Constraint

Picard-Lindelof theorem requires: a, 3,7 € C°(R) and a(R) # 0
then Y Y
ball / ball
<p><7' mR>e + <1+mR2>s¢7€0

we could take v = 0 but

/N
] 10 ’ \ / \\\ //\ /
this leads to @ = 0 at / H\WAR / \/
i | 54/ 7 \Y% \\ /
some points! .
\
Idea: v = some function ’ / ¢ | /
5 \
of ¢ ? \[/
o 4 \ /
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Motion Planning

The nominal trajectory must preserve the constraints
How to take into account the constraints

Jdm T u T /o
F— ( R >7— 0 (0,1)- T
t 1+mR<Pn+ ball 7 T p0* +g-(0,1)-Tr

Fo=m (—pTTJu —pTnb? — 7 x k$® =250 + g - (0,1) - Tn>
P

|Ft| < Ffriction
Fn>0
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Motion Planning

Substituting the servo-constraint into the inequalities we have We
can find

Ft(d% (ﬁa @, @/d)) < Ffriction
and

Fa($,9.0,0'¢) >0

3y forbidden area

they define a forbidden

areas on the phase plane 10
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Motion Planning
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