Lecture 3

Constrained Mechanical Systems

Anton Shiriaev
Norwegian University of Science and Technology
Trondheim, Norway

Learning outcomes: Nonlinear mechanical systems with con-
straints. Classification of constraints. Examples.
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Outline
1. Systems with holonomic constraints
o Example: constrained point-mass dynamics

2. Systems with non-holonomic constraints

e Example: constrained two point-masses dynamics

3. Systems with unilateral constraints

e Example: disc rolling on inclined line
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Systems with holonomic constraints



Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane
affected by the gravity. Assume that the distance of the point to
the origin is kept constant

f(x(t),y(t)) == x(t)> +y(t)> = > =0, Vt

The dynamics of the point are
m-X=Ry, m-y=R,—m-g,

where R = [Ry; Ry] is the reaction force due to the constraint.
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane
affected by the gravity. Assume that the distance of the point to
the origin is kept constant

F(x(t),y(t) ==x(t)> +y(t)> = P =0, Vt

The dynamics of the point are

m-X=Ry, m-y=R,—m-g,

where R = [Ry; Ry] is the reaction force due to the constraint.

A

How to find the reaction force
R = R(x,y,%7)?
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane
affected by the gravity. Assume that the distance of the point to
the origin is kept constant

f(x(t),y(t)) == x(t)> +y(t)> = > =0, Vt

The dynamics of the point are

m-x=R, my=R —m-g,
where R = [Ry; R,] is the reaction force due to the constraint.

The constraint f(-) = 0 implies that
4 =2x(t) - x(t) +2y(t) - y(t) =0, Vt.
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane
affected by the gravity. Assume that the distance of the point to
the origin is kept constant

f(x(t),y(t)) == x(t)> +y(t)> = > =0, Vt

The dynamics of the point are

m-X=Ry, m-y=R,—m-g,

where R = [Ry; Ry] is the reaction force due to the constraint.

The constraint f(-) = 0 implies that
9 f =2x(t) - x(t) +2y(t) - y(t) =0, V¢t

The reaction force R(-) cannot change the energy of the system
Re-x(t)+ R, -y(t)=0, Vt.
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane
affected by the gravity. Assume that the distance of the point to
the origin is kept constant

F(x(t),y(t) ==x(t)> +y(t)> = P =0, Vt

The dynamics of the point are
m').e:RX7 m'y:Ry_m.ga

where R = [Ry; R,] is the reaction force due to the constraint.

Therefore Re=X-x, R, =X\-y.
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane
affected by the gravity. Assume that the distance of the point to
the origin is kept constant

F(x(t),y(t) ==x(t)> +y(t)> = P =0, Vt

The dynamics of the point are

m-X=Ry, m-y=R,—m-g,

where R = [Ry; Ry] is the reaction force due to the constraint.

Therefore Re=X-x, R, =X\-y.
For defining A\ consider the 2" derivative of the constraint f(-) = 0

0=%f = 2%+ 2x-%x+2y2+2y -y
= 2 +2x-(IXN-x)+297+2y - (2N y —g)

= 2k2+2y2+2%)\~(x2+y2)—2y-g
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane
affected by the gravity. Assume that the distance of the point to
the origin is kept constant

f(x(t),y(t)) == x(t)> +y(t)> = > =0, Vt

The dynamics of the point are
m-ié:RX, m'}./.:Ry_m'g7

where R = [Ry; R] is the reaction force due to the constraint.

Therefore Re=X-x, R,=X-y.

The Lagrangian multiplier is then equal to

A=/T2(y-g—>'<2—y2)
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane
affected by the gravity. Assume that the distance of the point to
the origin is kept constant

F(x(t),y(t) ==x(t)> +y(t)> = P =0, Vt

The dynamics of the point are

m-X=Ry, m-y=R,—m-g,

where R = [Ry; Ry] is the reaction force due to the constraint.

Therefore Re=X-x, R, =\-y.
The point mass dynamics in excessive coordinates (x, y) are
m-x = l—z(y.g—xz_yz).x
.. m . .
my = 5(yg-xX-y)y-mg
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Example: point-mass dynamics in generalized coordinates

To derive the point-mass dynamics with the constraint
F(x(),y(1) = x(t)? + y(t)? — P =0, Vt
observe that the point’s position is determined by the angle 6 as

x(t) =1-sin0(t), y(t)=—I-cosb(t).
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Example: point-mass dynamics in generalized coordinates

To derive the point-mass dynamics with the constraint
F(x(),y(1) = x(t)? + y(t)? — P =0, Vt
observe that the point’s position is determined by the angle 6 as

x(t) =1-sin0(t), y(t)=—I-cosb(t).

The Lagrangian of the system is then
L=K- = %m(k2+y2)—m-g-y

= %m~12-92+m-g-/-c059
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Example: point-mass dynamics in generalized coordinates

To derive the point-mass dynamics with the constraint
f(x(t),y(t)) = x(t)* +y(t)> = > =0, Vt
observe that the point’s position is determined by the angle 6 as
x(t) =1-sin0(t), y(t)=—I-cosb(t).
The Lagrangian of the system is then

L=K-N = %m(k2+y2)—m-g-y

= %m~12-92+m-g-/-c059

The dynamics are
dfoc) _oc
o0 00

=4 = m-P-+m-g-l-sinf

= m-/2~(é+%-sin9>,

which is the equation of the mathematical pendulum.
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Example: point-mass dynamics

The equations written in excessive coordinates (x, y)

m-xX = Imz(y.gf;gf)ﬂ).x
I P (1)
my = B(y-g-x"-y*)-y—m-g
and the equation written in generalized coordinate 6
§+€ . sng=0 (2)

/
represent the dynamics of the same system provided that the initial
conditions of both differential equations are appropriately chosen.
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Example: point-mass dynamics

The equations written in excessive coordinates (x, y)

m-xX = Imz(y.gf;gf)ﬂ).x
I P (1)
my = B(y-g-x"-y*)-y—m-g
and the equation written in generalized coordinate 6
é+%-sin0:0 (2)

represent the dynamics of the same system provided that the initial
conditions of both differential equations are appropriately chosen.

However, for mechanical systems with constraints

e the equations of the form (1) can be always derived,

e while the equations of the form (2) might not.
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Systems with non-holonomic constraints




Example: constrained two point-masses dynamics

Consider two point masses of

/\
't - -
m =1 [kg] each connected by : /b
Bat- - '

massless rod of length / and

moving in the vertical plane. | ’
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Example: constrained two point-masses dynamics

Consider two point masses of

/i
't - -
m =1 [kg] each connected by : /b
Bat- - '

massless rod of length / and

moving in the vertical plane. | .

Constraint No. 1: (xl(t) — x2(1.“)>2 + (yl(t) - y2(t))2 =2 Vvt
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Example: constrained two point-masses dynamics

Consider two point masses of

/i
't - -
m =1 [kg] each connected by : /b
Bat- - '

massless rod of length / and * ,

moving in the vertical plane. | ’

Constraint No. 1: (xl(t) — x2(1.“)>2 + (yl(t) - y2(t))2 =2 Vvt

Constraint No. 2: Assume that the velocity of the center of the

rod — point C on the plot
Ve = [0k + %) 3(51 + y2)]

always aligned with the rod.
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Example: constrained two point-masses dynamics

Consider two point masses of

4 - .
m =1 [kg] each connected by l /fvb
k- - '

massless rod of length / and

|
moving in the vertical plane. (l

Constraint No. 1: (xl(t) — x2(1.“)>2 + (yl(t) - y2(t))2 =2 Vvt

Constraint No. 2: Assume that the velocity of the center of the

rod — point C on the plot
Ve = [0k + %) 3(51 + y2)]

always aligned with the rod.

(Xg(t) _ xl(t)> (yl(t) + yz(t)) . (yg(t) - yl(t)) (Xl(t) n Xz(t)) =0
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Example: constrained two point-masses dynamics

The dynamics of the system with coordinates (x1, y1, x2, y2) are

% = RY4+RP % = RY+RP
hoo AR g n = RDLRD g

Here R() and R are the reaction forces due to constraints

RO = [RY:RYRY:RY| RO = [RE:RD: RY: RY|

19
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Example: constrained two point-masses dynamics

The dynamics of the system with coordinates (x1, y1, x2, y2) are

% = RY4+RP % = RY+RP
hoo AR g n = RDLRD g

Here R() and R are the reaction forces due to constraints

mm:@g@3@3@ﬂ7szhyﬂgﬁgﬁq

Components of of the reaction forces are determined from the
assumption that such forces do not dissipate or increase the energy

of the system along its motions

RO g+ RV yy + RD o+ RY . yp =0, i=1, 2
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Example: constrained two point-masses dynamics

The dynamics of the system with coordinates (x1, y1, x2, y2) are

% = RY+RP % = RY+RPY
o= R$”+Rf)fg' jo = RSX+Rﬁ)*g

Here R() and R are the reaction forces due to constraints

RO) = [, R, R, RD] R =[R2, R, A2 A

Components of of the reaction forces are determined from the
assumption that such forces do not dissipate or increase the energy

of the system along its motions

RO g+ RV yy + R o+ RY . yo=0, i=1,2

Observation: The system dynamics are written in 4 excessive
coordinates and have 2 constraints. But one cannot reduce a

number of coordinates to 2 and derive the dynamics! ®@®®
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Example: constrained two point-masses dynamics

The dynamics of the system with coordinates (x1, y1, x2, y2) are

% = RY+RP % = RY+RP
1= RUO+RY ¢ » = RY+RP ¢

Here R() and R are the reaction forces due to constraints

R(l) — R)((l). R(l). R(l); R}(,Ql):| , R(2) — |:R)(<12)' R}(/12); R)(<22); R}(,22)1|

1 Ty o TAIX2

Components of of the reaction forces are determined from the
assumption that such forces do not dissipate or increase the energy
of the system along its motions

(1)

RO s+ RD s + R o+ RY =0, i=1,2

Observation: The system dynamics are integrable in the sense that
all the solutions can be found explicitly! ©@©® see the homework!
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Systems with unilateral constraints




Example: disc rolling on inclined line

4 p= m@
N - $orce due to reattion
F - $nickion force
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Example: disc rolling on inclined line

4 P=mi
N - $orce due to reattion
F - $nickion force

How many degrees of
freedom of the system?
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Example: disc rolling on inclined line

4 p= m@
N - Sorce due to reattion
F - $nickion force

How many degrees of
freedom of the system?

How to derive equations
of motion?
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Example: disc rolling on inclined line

4 p= m@
N - $orce due to reattion
F - $nickion force

How many degrees of
freedom of the system?

How to derive equations

of motion?
Equations of motion of rigid body are
e Dynamics of centre of mass: % (m\7c> => I-Z;(Qema,
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Example: disc rolling on inclined line

4 p= m@
N - Sorce due to reattion
F - $nickion force

How many degrees of
freedom of the system?

How to derive equations
of motion?

Equations of motion of rigid body are

e Dynamics of centre of mass: % (m\7c> => Fe()zema,

e Angular momentum'’s rate of change: < (E) =>; M

dt external
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Example: disc rolling on inclined line

The dynamics of center of mass r¢ are

[

‘?/4 o reattion
PR %c P, N Fx
Zc P, N, F2
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Example: disc rolling on inclined line

The dynamics of center of mass r¢ are

[

7/4 o reatiion
s %c P, N Fx
0 0 0 0
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Example: disc rolling on inclined line

The dynamics of center of mass r¢ are

[

%{4 N - fonce due bo reathion .
e %c Py 0 Fu
. J m )./.C - P y + N y + O
0 0 0 0
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Example: disc rolling on inclined line

The dynamics of center of mass r¢ are

[

%{4 N - fonce due bo reathion .
B S Px 0 Fr
0 0 0 0
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Example: disc rolling on inclined line

The dynamics of center of mass r¢ are

;/4 P=mi -
o m-Xc = m-g-sinih—F
& yc = 0
0 = N—m-g-cosiy
Y S
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Example: disc rolling on inclined line

# P=mi
% N - Sorce due to reattion
/

N e The dynamics of angular
momentum L(-) depends on a
choice of the origin it is
computed about!

Relative to the origin of the inertia frame, angular momentum is

ro0 — d B
L = ZiRi X m,-mR,-
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Example: disc rolling on inclined line

# P=mi
% N - Sonce due to reattion
/

N e The dynamics of angular
momentum L(-) depends on a
choice of the origin it is
computed about!

Relative to the origin of the inertia frame, angular momentum is

-

LO = Z,-I‘?,‘ X mi%ﬁ,‘ = Zi (ﬁc + E) X m,-% (ﬁc + F;)
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Example: disc rolling on inclined line

P=mi
N - S, due bo rzattion

1 i s The dynamics of angular

1

momentum L(-) depends on a
choice of the origin it is
computed about!

Relative to the origin of the inertia frame, angular momentum is

-,

[° .= Z,-I‘?,‘ X mi%ﬁ,‘ = Zi (ﬁc + F;) X m,-% (ﬁc + ﬁ)

The rate of change of L© is then

djo ._ dp. 4B 3. B
EL = ZfER’ X m,ER, + ZiR’ X m,@R,
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Example: disc rolling on inclined line

P=mi
N - S, due bo rzattion

1 i s The dynamics of angular

1

momentum L(-) depends on a
choice of the origin it is
computed about!

Relative to the origin of the inertia frame, angular momentum is

-,

[° .= Z,-I‘?,‘ X mi%ﬁ,‘ = Zi (ﬁc + F;) X m,-% (ﬁc + ﬁ)

The rate of change of L© is then
d o ._ d p d p S d? 5
EL = ZIER" X ITI,'ER,' + Zin X m;@R,-
= E,-ﬁ,‘ X m;%ﬁ; = Ziﬁf X :E(')
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Example: disc rolling on inclined line

P=mi
N - S, due bo rzattion

1 i s The dynamics of angular

7

momentum L(-) depends on a
choice of the origin it is
computed about!

Relative to the origin of the inertia frame, angular momentum is

-,

° = Z,ﬁi X mi%ﬁi =2 (ﬁc + Ff) X m’dt (RC + r,)

The rate of change of L© is then
d o ._ d p d p S d? 5
EL = ZIER" X ITI,'ER,' + Zin X m;@R,-

= SRixmi&R =R x FO) = 30, Ry x F)

external
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Example: disc rolling on inclined line

[

i The dynamics of angular
momentum L(-) depends on a
choice of the origin it is
computed about!

1

Relative to the origin of the inertia frame, angular momentum is

LO = Zin X m,-%R,- == Zi (RC + F;) X m,-% (RC + F;)
Relative to the centre of mass, angular momentum is
7Co - 5 - d (B. . =
L = Zir,- X m;%R,- = Zir,- X mj g (RC + ri)
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Example: disc rolling on inclined line

[

i The dynamics of angular
momentum L(-) depends on a
choice of the origin it is
computed about!

1

Relative to the origin of the inertia frame, angular momentum is

L9 = Y Rixm%ERi =Y, (RC+F;>Xm’dt (RC+r')
Relative to the centre of mass, angular momentum is
rc . = ] = d (B =
L = Zir,- X m;%R,- = Zir,- X m,-ﬁ (RC + r,-)

)

drc _ d > d B = d® B F(k
EL = Ziﬁr’ X m,ER, +Z,~r; X mIFRI = Z i X F xternal
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Example: disc rolling on inclined line

4 P=m

N - foe. du to veat
F - fhickion force.
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Example: disc rolling on inclined line

Tz X“\ 1
4 p-mg w0
once due o veal o = B
% :j;mmhw{oxw 1,70
/'/ o
cosf) —sinf 0 X
. . _, 5 -0
79 =1 sin@ cosh O vi |, Vi = thC + jtr,-
0 0 1 0
= N"z6
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Example: disc rolling on inclined line

4 P=m

N - fonce due bo read
F - §aickion force
/ kn. X

cosf) —sinf 0 X;

7= sinf cosf 0O vi | = ReofiP, V= LR+ 270
0 0 1 0

[C = Y% % my;
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Example: disc rolling on inclined line

4 P=mg w(;‘] K
due bo veal - 3
/ :j ;::‘hw{oxm T=T+1
/ TN
cosf —sinf 0 X;
- . o N = -0
7%= | sinf cosf 0 vi | = z,gr,-D, Vi = jt Rc—i—%r,-
0 0 1 0
;’C =0 — -D d B d ~D
L= = > ni7 xmiv; =3 R, 9" x mj (ERC + 4 [Rz,eff ])
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Example: disc rolling on inclined line

4 P mi I(BJ v
/ e %l
/ TN
cosf —sinf 0 X;
. . D . 5 -0
7%= sing cosh 0 i | = Rzpri™, Vi= jt Rc—i-%r,-
0 0 1 0

C —»O — _,D d - d —’D
L = Zir,- X m;v; = Ziszgr,- X mj (ERC + 5 |:Rz,0ri ])

-0 dp -D d -D
= Z’.r,- X m;ERC+ZiR279r; X mjg |:R276r,' ]
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Example: disc rolling on inclined line

Tz X“\ 1
Y p=mj " : HEREY
7 e $it
/ T \
//
cos@ —sinf O X;
. . =D _, 5 -0
7%= sing cosh 0 i | = Rzpri™, Vi= %Rc—i-%rf
0 0 1 0

C —»O — _,D d - d —’D
L = Zir,- X m;v; = ZiRz,gr,' X mj (ERC + 5 |:Rz,0ri ])

>0 d p =D d =D
= (Zim,-r,- > X ERC =+ ZIRZﬂrf X mj g |:RZ79I‘,' :|
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Example: disc rolling on inclined line

4 p=mg w(;‘] v
/ - it A
/ TN
cosf) —sinf 0 X;
. . D o 5 ~0
7= sinf cosf 0O vi | = Reori®, Vi=4Rc+EF
0 0 1 0

dt
= Rzﬂ (Z,’miF;D X (Rzﬂ)_l % [RZ,G] ﬁD) %0
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Example: disc rolling on inclined line

4 P mi I(BJ v
/ S i 101
/ TN
cosf —sinf 0 X;
. . D . 5 -0
79 =1 sin@ cosf O vi | = Rzpri”, Vvi= %RC‘i‘jtri
0 0 1 0

L€ = SR% x miv; = Y iR, 07i° x m <%§C + & [RZ’GF"DD
= [0, 0; Z,’mi (X12 +y12) %9]
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Example: disc rolling on inclined line

4 P mi I(BJ v
/ =i 4o,
/ y o
cosf —sinf 0 Xj
7= | sinf cosf 0 vi | = R.of?, V= thC+iFI.O
0 0 1 0
i°C =0 ~ =D d B d =D
L = Zir,- X m;v; = Ziszgr,- X mj (ERC + 5 |:Rz,0ri ])
_ .0 ) d
= |0;0; Jz50
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Example: disc rolling on inclined line

. X“\ 1
Y p=mj " b HEREY
7 i §i
/ T \
//
cos@ —sinf O X;
. . =D _, 5 -0
7%= sing cosh 0 i | = Rzpri™, Vi= thc—l-c‘,ir,-
0 0 1 0

C =0 - =D dp d =D
L = Zir,- X mjv; = ZIRZ,Ori X mj (ERC + at [Rz,efi })

= [0;0; J,260 , for a disc J, = (Mass) x (Radius)?
dt 2
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Example: disc rolling on inclined line

P=mi
N - fonce due bo read
F - §aickion force

The rate of change of angular momentum L€ is then

jt 0 = FpoxP+FNO><N+FFO><F
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Example: disc rolling on inclined line

4 P=m

N - fonce due bo read
F - §aickion force
/ kn. X

The rate of change of angular momentum L€ is then

0
410 = BOxP+R°xN+#%xF
J,0
0 0 0 0 —Fy
= 0| xP+|—-Ry| x| N, | +]|-Ry| x| 0
0 0 0 0 0
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Example: disc rolling on inclined line

=.(9) 3
y P mi =4
dug toveal > >
/ Zij:fiwm T=T+1
/'/ o
The rate of change of angular momentum L€ is then
0 0
jt 0 = FpOxP+FNOxN+rF x F = 0
Iz ~Ry- F.
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Example: disc rolling on inclined line

The dynamics of the system are

¥ p-mi
/ . EE m-% = m-g-singg—F
yc = 0
0 = N—m-g-cosiy
J;0 = —Ry-F
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Example: disc rolling on inclined line

The dynamics of the system are

4 pond
4 B i m-Xc = m-g-sinyg— F
) yc = 0
0 = N—m-g-cosiy
P Jo-6 = —Rq-F

How many unknown variables?
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Example: disc rolling on inclined line

The dynamics of the system are

¢ P=mg
4 B L m-Xc = m-g-sintgyg— F
yc = 0
0 = N—m-g-cosiy
J;0 = —Rq-F

How many unknown variables? Three, they are: xc(-), 6(:), F(+)
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Example: disc rolling on inclined line

The dynamics of the system are

¢ P=mg
4 B L m-Xc = m-g-sintgyg— F
yc = 0
0 = N—m-g-cosiy
J;0 = —Rq-F

How many unknown variables? Three, they are: xc(-), 6(:), F(+)

How many nontrivial equations?
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Example: disc rolling on inclined line

The dynamics of the system are

¢ P=mg
4 B A m-Xc = m-g-sintyg— F
yc = 0
0 = N—m-g-cosiy
J;0 = —Rq-F

How many unknown variables? Three, they are: xc(-), 6(:), F(+)

How many nontrivial equations? Twol
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Example: disc rolling on inclined line

The dynamics of the system are

¢ P=mg
4 B A m-Xc = m-g-sintyg— F
yc = 0
0 = N—m-g-cosiy
J;0 = —Rq-F

How many unknown variables? Three, they are: xc(-), 6(:), F(+)

How many nontrivial equations? Twol

We need one more equation for the system!
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Example: disc rolling on inclined line

The dynamics of the system are

¢ P=mg
4 B A m-Xc = m-g-sintyg— F
yc = 0
0 = N—m-g-cosiy
J;0 = —Rq-F

How many unknown variables? Three, they are: xc(-), 6(:), F(+)

How many nontrivial equations? Twol

If the disc slides for some time interval = F(t) = p- N
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Example: disc rolling on inclined line

The dynamics of the system are

? - ij’“ ey m-Xc = m-g-sinyyg— F
| ) yc = 0
0 = N—m-g-cosiy
\ o J,-0 = —Ry-F

How many unknown variables? Three, they are: xc(-), 6(:), F(+)

How many nontrivial equations? Two!

If the disc slides for some time interval = F(t) = p- N

If the disc rolls without sliding for some interval

= xc(t) —xc(0) = =Ry - (0(t) — 6(0))
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