Lecture 5

Transverse Linearization for Nonlinear Systems

Anton Shiriaev
Norwegian University of Science and Technology
Trondheim, Norway

Learning outcomes: Concepts of moving Ponicare sections,
transverse coordinates and transverse linearization for a solu-
tion of a nonlinear system. Andronov-Vitt theorem. Zhukovsky
stability and Leonov lemma. Examples
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QOutline

1. Transverse dynamics and transverse coordinates
» Moving Poincare sections
e Andronov-Vitt theorem
o Challenges in orbital feedback stabilization

o Generic choice of transverse coordinates

2. Zhukovsky stability and linearization
o Definition
e Leonov lemma

o Example: Energy-based control of a pendulum
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Transverse dynamics



Dynamics in a vicinity of a cycle

Given a T-periodic solution x*(),
x*(t) = x*(t+ T) Vt, of the system

x=f(x), xeR>,

for analyzing its local properties
introduce a family of transverse
sections {S(7)}, 7 € [0, T], which
union can recreate a tubing vicinity of the cycle.
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Dynamics in a vicinity of a cycle

Given a T-periodic solution x*(),
x*(t) = x*(t+ T) Vt, of the system

x=f(x), xeR>,

for analyzing its local properties
introduce a family of transverse
sections {S(7)}, 7 € [0, T], which
union can recreate a tubing vicinity of the cycle.

Defining hypersurfaces {S(7)}, (o 7} implies a change of coordinates:
R?" 3 x(7) [0(r) € R x; € S(r)], T €0, T]
such that in new coordinates the periodic solution x*(-) is of the form

0=0"(t), xi(t)=0, vt

Orbital asymptotic stability of x*(-) means that x; (t) — 0 as t — oo.

© Anton Shiriaev and Robotikum freeware. Underactuated systems. 2019: Lecture 5 3/18



Dynamics in a vicinity of a cycle

Given a T-periodic solution x*(),
x*(t) = x*(t+ T) Vt, of the system

x=f(x), xeR>,

for analyzing its local properties
introduce a family of transverse
sections {S(7)}, 7 € [0, T], which
union can recreate a tubing vicinity of the cycle.

The linearization of the full dynamics of the system in a vicinity of x*(-)
2= [5f(x)] ‘x:x*(t) z=A(t)z, zeR™

e cannot be asymptotically stable since 6(t) 4 0 as t — +00
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Dynamics in a vicinity of a cycle

Given a T-periodic solution x*(),
x*(t) = x*(t+ T) Vt, of the system

x=f(x), xeR>,

for analyzing its local properties
introduce a family of transverse
sections {S(7)}, 7 € [0, T], which
union can recreate a tubing vicinity of the cycle.

The linearization of the full dynamics of the system in a vicinity of x*(-)

2= [5f(x)] ‘x:x*(t) z=A(t)z, zeR™
e cannot be asymptotically stable since 6(t) 4 0 as t — +00

e has a linear invariant subspace of co-dimension 1 , which vectors
approximate time evolution of transverse coordinates x| (+).
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Andronov-Vitt theorem (1930)

Given a T-periodic solution
xX*(t)=x*(t+T) Vt
of the system

x = f(x), x€R>".
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Andronov-Vitt theorem (1930)

Given a T-periodic solution Consider the linearization of the

dynamics of the system in a

X(t)=x"(t+T) Vit vicinity of x*(-)

f th t s )
(e} € system 5 = [Wf(x)] ‘X_X*(t) >
x = f(x), x€R>". = A(t)z, z € R,
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Andronov-Vitt theorem (1930)

Given a T-periodic solution Consider the linearization of the

dynamics of the system in a

X(t)=x"(t+T) Vit vicinity of x*(-)

f th t s )
(o] € system 5 = [Wf(x)] ‘X:X*(t) >
x = f(x), x€R>". = A(t)z, z € R,

Consider the (2n x 2n)-matrix function ®(-) defined as a solution of

F0(t) = At)o(t),  ®(0) = b
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Andronov-Vitt theorem (1930)

Given a T-periodic solution Consider the linearization of the

dynamics of the system in a

X(t)=x"(t+T) Vit vicinity of x*(-)

f th t s )
(o] € system 5 = [Wf(x)] ‘X:X*(t) >
x = f(x), x€R>". = A(t)z, z € R,

Consider the (2n x 2n)-matrix function ®(-) defined as a solution of

F0(t) = At)o(t),  ®(0) = b

One of eigenvalues of the monodromy matrix ®(T) equals to 1.
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Andronov-Vitt theorem (1930)

Given a T-periodic solution Consider the linearization of the

dynamics of the system in a

X(t)=x"(t+T) Vit vicinity of x*(-)

f th t s )
(o] € system 5 = [&f(x)] ‘X:X*(t) >
x = f(x), x€R>". = A(t)z, z € R,

Consider the (2n x 2n)-matrix function ®(-) defined as a solution of

F0(t) = At)o(t),  ®(0) = b

One of eigenvalues of the monodromy matrix ®(T) equals to 1.

If the amplitudes of (2n — 1) eigenvalues of the matrix ®(T) are
less than 1, then the solution x*(+) is exponentially orbitally stable.
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Challenges in orbital feedback stabilization

Given a T-periodic solution x*(-) of the nonlinear control system
x = f(x)+ g(x)u, x€R* ueR™,

obtained in response of an input u*(-) = 0, consider the task to
design a controller for asymptotic orbital stabilization of x*(-)
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Challenges in orbital feedback stabilization

Given a T-periodic solution x*(-) of the nonlinear control system
x = f(x)+ g(x)u, x€R* ueR™,

obtained in response of an input u*(-) = 0, consider the task to
design a controller for asymptotic orbital stabilization of x*(-)

Suppose it exists, then such orbitally stabilizing feedback controller
u=U(x)
will satisfy the interpolation condition

U(lmre( = 0"(1) =0, V't
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Challenges in orbital feedback stabilization

Given a T-periodic solution x*(-) of the nonlinear control system
x = f(x)+ g(x)u, x€R* ueR™,

obtained in response of an input u*(-) = 0, consider the task to
design a controller for asymptotic orbital stabilization of x*(-)

Suppose it exists, then such orbitally stabilizing feedback controller
u=U(x)
will satisfy the interpolation condition

U(lmre( = 0"(1) =0, V't

For a smooth U(-), it can be written as (see Hadamard lemma)
u= K(x)x,(x), x| € R¥1

where x| (+) are transverse coordinates defined for the motion x*(+)
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Challenges in orbital feedback stabilization

The system dynamics in a vicinity of the solution x*(-) can be
written in new coordinates

as 45 =f(%)+g(x)u.
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Challenges in orbital feedback stabilization

The system dynamics in a vicinity of the solution x*(-) can be

written in new coordinates
X=100; x1], 0€R x eR>*?

as 45 =f(%)+g(x)u.

With a feedback controller candidate
u=K(X)xL.
the closed loop system becomes

45 =f(%)+E(R)K(X)xL.
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Challenges in orbital feedback stabilization

The system dynamics in a vicinity of the solution x*(-) can be
written in new coordinates

X=100; x1], 0€R x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.

The linearization of the closed loop system in a vicinity of x*(-) is

2= [&F)] 2+ [ e@KE| 2

X=5*(t)
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Challenges in orbital feedback stabilization

The system dynamics in a vicinity of the solution x*(-) can be

written in new coordinates
X=100; x1], 0€R x eR>*?

as 45 =f(%)+g(x)u.

With a feedback controller candidate
u=K(X)xL.
the closed loop system becomes
th f( )+ 8(X)K(X)x,.

The linearization of the closed loop system in a vicinity of x*(-) is

2= Az + [ FABRK(R)x ]

z
x=5*(t)
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Challenges in orbital feedback stabilization

The system dynamics in a vicinity of the solution x*(-) can be
written in new coordinates

X=100; x1], 0€R x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.

The linearization of the closed loop system in a vicinity of x*(-) is

2= Az + | FABRKE} x1 +E()K() Fex |

z

X=5*(t)
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Challenges in orbital feedback stabilization

The system dynamics in a vicinity of the solution x*(-) can be
written in new coordinates

X=100; x1], 0€R x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.

The linearization of the closed loop system in a vicinity of x*(-) is

2= A=+ || EEKE) < (0) + 2K ot ]|, 2
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Challenges in orbital feedback stabilization

The system dynamics in a vicinity of the solution x*(-) can be
written in new coordinates

X=100; x1], 0€R x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.

The linearization of the closed loop system in a vicinity of x*(-) is

2= Az + || EABRKE} 0+ (K (R) x|

V4

x=5*(t)
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Challenges in orbital feedback stabilization

The system dynamics in a vicinity of the solution x*(-) can be

written in new coordinates
X=100; x1], 0€R x eR>*?

as 45 =f(%)+g(x)u.

With a feedback controller candidate
u=K(X)xL.
the closed loop system becomes
th f( )+ 8(X)K(X)x,.
The linearization of the closed loop system in a vicinity of x*(-) is
2= Alt)z+ (%) {K()?)%XJ_}
~—
= B(t)

(© Anton Shiriaev and Robotikum freeware. Underactuated systems. 2019: Lecture 5 6/18

z
X=5*(t)




Challenges in orbital feedback stabilization

The system dynamics in a vicinity of the solution x*(-) can be

written in new coordinates
X=100; x1], 0€R x eR>*?

as 45 =f(%)+g(x)u.

With a feedback controller candidate
u=K(X)xL.
the closed loop system becomes
th f( )+ 8(X)K(X)x,.
The linearization of the closed loop system in a vicinity of x*(-) is

5= A(t)z + B(t) [K(%) x|

z
X=5*(t)

~~

=V
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Challenges in orbital feedback stabilization

The system dynamics in a vicinity of the solution x*(-) can be
written in new coordinates

X=100; x1], 0€R x eR>*?
as 45 =f(%)+g(x)u.
With a feedback controller candidate

u=K(X)xL.

the closed loop system becomes

th f( )+ 8(X)K(X)x,.
The linearization of the closed loop system in a vicinity of x*(-) is

z=A(t)z+ B(t)v, v=K(X(t)ox, zcR> x cR>*1
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Challenges in orbital feedback stabilization

The system dynamics in a vicinity of the solution x*(-) can be
written in new coordinates

X=100; x1], 0€R x eR>*?

as 45 =f(%)+g(x)u.

With a feedback controller candidate
u=K(X)xL.
the closed loop system becomes

th f( )+ 8(X)K(X)x,.

The linearization of the closed loop system in a vicinity of x*(-) is

z=A(t)z+ B(t)v, v=K(X(t)ox, zcR> x cR>*1

By Andronov-Vitt theorem the linear feedback controller
with the gain k(-) is not stabilizing the origin of this system
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Challenges in orbital feedback stabilization

Orbital stabilization of the solution x*() the system by linearization

sx=fx)+e)u, [(): v ()]

requires stabilization of linearization of transverse coordinates' dynamics

x € R?" .
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Challenges in orbital feedback stabilization

Orbital stabilization of the solution x*() the system by linearization
x€RM: Gx=f(x)+g(x)u, [x () v ()]

requires stabilization of linearization of transverse coordinates' dynamics

This means that with change of coordinates
x— % =[0€eR} x, € R1
it requires stabilizing an invariant subspace of the linearization
z=At)z+ B(t)v, v=k(t)dx,, z€R> ox  ¢R* 1 veR"
of the system defined by variations of transverse coordinates x (+):

5X]_J_ = O, 5XQJ_ = 0, ceey (5X(2,,_1)J_ =0
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Generic choice of transverse coordinates

Given a T-periodic pair [ x*(+), u*(-)] of the system
Ix =f(x)+g(x)u, x€eR" ueR”

how to define the transverse coordinates x; € R?"~1 for the motion?
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Generic choice of transverse coordinates

Given a T-periodic pair [ x*(+), u*(-)] of the system
Ix =f(x)+g(x)u, x€eR" ueR”

how to define the transverse coordinates x; € R?"~1 for the motion?

Step 1: Given t, € [0, T] and the vector vo := & x*(t,), choose a
set of vectors

V] € R2n, Vo € Rzn, ey Wop1 € R2n
such that the (2n x 2n)-matrix
[V07 Vi, V2, ..., V2n71]

is of rank 2n
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Generic choice of transverse coordinates

Given a T-periodic pair [ x*(+), u*(-)] of the system
Ix =f(x)+g(x)u, x€eR" ueR”

how to define the transverse coordinates x; € R?"~1 for the motion?

Step 1: Given t, € [0, T] and the vector vo := & x*(t,), choose a
set of vectors

v eR?” weR™ .., v, R
such that the (2n x 2n)-matrix
[vo, vi, v2, ..., van_1]
is of rank 2n
Step 2: Choose v;(t) for all t € [0, T] to be periodic and smooth.
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Zhukovsky stability and linearization




Zhukovsky stability

Consider a nonlinear dynamic system, one of its solutions
dx=f(x), x°(t)=x(t,x)€R>, te0,+o0)
and a set of homeomorphisms (re-parametrizations of time)

Hom := {7(-)| 7 : [0, +00) — [0, +00), 7(0) = 0}
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Zhukovsky stability

Consider a nonlinear dynamic system, one of its solutions
dx=f(x), x°(t)=x(t,x)€R>, te0,+o0)

and a set of homeomorphisms (re-parametrizations of time)
Hom := {7(-)| 7 : [0, 4+00) — [0, +00), 7(0) = 0}

Definition

The solution x°(t) = x(t, xp) of the system is referred to as

e stable, if for any € > 0 there exists § > 0 such that for any yy € R”
from the set |xo — yo| < 0 there exists 7(-) € Hom such that

[x(t,x0) — x(7(t),y0)| <e Vt>0
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Zhukovsky stability

Consider a nonlinear dynamic system, one of its solutions
dx=f(x), x°(t)=x(t,x)€R>, te0,+o0)

and a set of homeomorphisms (re-parametrizations of time)
Hom := {7(-)| 7 : [0, 4+00) — [0, +00), 7(0) = 0}

Definition

The solution x°(t) = x(t, xp) of the system is referred to as

e stable, if for any € > 0 there exists § > 0 such that for any yy € R”
from the set |xo — yo| < 0 there exists 7(-) € Hom such that

[x(t,x0) — x(7(t),y0)| <e Vt>0

e asymptotically stable, if, in addition, for some Jg > 0 and any yq
from the set {yo : [xo — yo| < do} there exists 7(-) € Hom such that

im[x(t, x0) = x(7(t), yo)| = 0
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Lyapunov, Zhukovsky and Poincare stability

Consider a nonlinear dynamic system and one of its solutions

dx =f(x), x°(t)=x(t,x) €R*, t€[0,+00)
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Lyapunov, Zhukovsky and Poincare stability

Consider a nonlinear dynamic system and one of its solutions

dx =f(x), x°(t)=x(t,x) €R*, t€[0,+00)

x%(t) is stable in a sense of Lyapunov
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Lyapunov, Zhukovsky and Poincare stability

Consider a nonlinear dynamic system and one of its solutions

dx =f(x), x°(t)=x(t,x) €R*, t€[0,+00)

x%(t) is stable in a sense of Lyapunov

4

x9(t) is stable in a sense of Zhukovsky
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Lyapunov, Zhukovsky and Poincare stability

Consider a nonlinear dynamic system and one of its solutions

dx=f(x), x°(t)=x(t,x)€R>, te0,+o0)

x9(t) is stable in a sense of Lyapunov

KX X

x%(t) is stable in a sense of Zhukovsky

KX X

x%(t) is stable in a sense of Poincare
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Linearization

Linearization of a nonlinear dynamic system around its solution
dx =f(x), x°(t)=x(t,x) €R*, t€[0,+00)
is the method for approximating the error by solving a linear system

x(t,y0) — x(t,x0) =~ w(t) < EW = A(t)w, w(0) =y — xo
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Linearization

Linearization of a nonlinear dynamic system around its solution
dx =f(x), x°(t)=x(t,x) €R*, t€[0,+00)
is the method for approximating the error by solving a linear system

x(t,y0) — x(t,x0) =~ w(t) < EW = A(t)w, w(0) =y — xo

Here the matrix function A(-) is determined as a Jacobi matrix

At) = FF )]sy
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Linearization

Linearization of a nonlinear dynamic system around its solution
dx =f(x), x°(t)=x(t,x) €R*, t€[0,+00)
is the method for approximating the error by solving a linear system

x(t,y0) — x(t,x0) =~ w(t) < EW = A(t)w, w(0) =y — xo

Here the matrix function A(-) is determined as a Jacobi matrix

At) = FF )]sy

How to compute the first order approximation for the error

x(7(t), yo) — x(t,x0) = v(t) <= Zv=A(t)v, v(0) = yo — x?
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Leonov lemma

Given a nominal x(t,xo) and a perturbed x(t, yp) solutions of the system
dx=f(x), xeR™,
suppose there is a homeomorphism 7 = 7(t) € Hom defined by the Eqn

[x(7,y0) — x(t,%)]" f (x(t,%)) =0, Vt>0
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Leonov lemma

Given a nominal x(t,xo) and a perturbed x(t, yp) solutions of the system
dx=f(x), xeR™,
suppose there is a homeomorphism 7 = 7(t) € Hom defined by the Eqn
[x(7,y0) — x(t,%)]" f (x(t,%)) =0, Vt>0
Consider the difference between these solutions at times t and t — 7(t)
z(t) == x(7(t), y0) — x(t, %), z€R?>"
and re-write its time derivative as

s2(t) = Fx(r(t), y0) &7(t) — Gx(t.%0)
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Leonov lemma
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[x(7,y0) — x(t,%)]" f (x(t,%)) =0, Vt>0
Consider the difference between these solutions at times t and t — 7(t)
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Leonov lemma

Given a nominal x(t,xo) and a perturbed x(t, yp) solutions of the system
dx=f(x), xeR™,
suppose there is a homeomorphism 7 = 7(t) € Hom defined by the Eqn
[x(7,y0) — x(t,%)]" f (x(t,%)) =0, Vt>0
Consider the difference between these solutions at times t and t — 7(t)
z(t) == x(7(t), y0) — x(t, %), z€R?>"
and re-write its time derivative as

S2(t) = F(x(7(t), y0)) (1) — F(x(t, %0)) = A(t)z(t) + o(|2(1)])
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Leonov lemma

Given a nominal x(t,xo) and a perturbed x(t, yp) solutions of the system
%x =f(x), xcR>,
suppose there is a homeomorphism 7 = 7(t) € Hom defined by the Eqn

[x(7,y0) — x(t,%)]" f (x(t,%)) =0, Vt>0
Consider the difference between these solutions at times t and t — 7(t)
z(t) == x(7(t), y0) — x(t, %), z€R?>"
and re-write its time derivative as

S2(t) = F(x(7(t), y0)) (1) — F(x(t, %0)) = A(t)z(t) + o(|2(1)])

o= s (o o)

x=x(t,xo)
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Leonov lemma. Remarks

As seen, the matrix function A(-) in the formula

s2(t) = %[X(T(t),yO)—X(t,Xo) = A(t)z(¢) + o(|z(t)])

is independent on 7(-)!
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Leonov lemma. Remarks

As seen, the matrix function A(-) in the formula
s2(t) = & [X(T(t),)/o) = x(t,x0)| = A(t)z(t) + o(|2(¢)[)

is independent on 7(-)!

Hence, if one chooses another initial condition yg for defining a perturbed
solution x(t, yp) and repeats the computation with new parametrization
7(+), if it exists, then the matrix function A(-) will be the same!

© Anton Shiriaev and Robotikum freeware. Underactuated systems. 2019: Lecture 5

14/18



Leonov lemma. Remarks

As seen, the matrix function A(-) in the formula
s2(t) = & [X(T(t),)/o) = x(t,x0)| = A(t)z(t) + o(|2(¢)[)

is independent on 7(-)!

Hence, if one chooses another initial condition yg for defining a perturbed
solution x(t, yp) and repeats the computation with new parametrization
7(+), if it exists, then the matrix function A(-) will be the same!

The vector z(+) has the same number of elements as the state x(-) € R?"

z(-) =[a(): () - 20()],
and at each time moment satisfies the Eqn

z(t) f(x(t,x)) =0, Vt>0.
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Hence, if one chooses another initial condition yg for defining a perturbed
solution x(t, yp) and repeats the computation with new parametrization
7(+), if it exists, then the matrix function A(-) will be the same!

The vector z(+) has the same number of elements as the state x(-) € R?"

z(-) =[a(): () - 20()],
and at each time moment satisfies the Eqn

z(t) f(x(t,x)) =0, Vt>0.

= z(-) is an excessive set of transverse coordinates for x(t, xg)
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New auxiliary linear system!

Given a nominal x(t, x) solution of the system
%x =f(x), x€R>,
one can explore its (local) properties by analyzing linear systems:

Lw=A(t)w with A(t):= %f(x)|xzx0(t)

Sv=A(t)v  with A(t) being defined in Leonov lemma
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New auxiliary linear system!

Given a nominal x(t, x) solution of the system
%x =f(x), x€R>,
one can explore its (local) properties by analyzing linear systems:

Lw=A(t)w with A(t):= %f(x)|xzx0(t)

Sv=A(t)v  with A(t) being defined in Leonov lemma

Caution:
Some properties of linearized dynamics can be linked to the corresponding
properties of original nonlinear systems, but sometimes are NOT!
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New auxiliary linear system!

Given a nominal x(t, x) solution of the system
%x =f(x), x€R>,
one can explore its (local) properties by analyzing linear systems:

Lw=A(t)w with A(t):= %f(x)|xzx0(t)

Sv=A(t)v  with A(t) being defined in Leonov lemma

Caution:
Some properties of linearized dynamics can be linked to the corresponding
properties of original nonlinear systems, but sometimes are NOT!

Asymptotic stability of the origin of the linearized system might not
imply asymptotic (Lyapunov, Zhukovsky, Poincare) stability of the
corresponding solution of the nonlinear system!

© Anton Shiriaev and Robotikum freeware. Underactuated systems. 2019: Lecture 5 15/18



New aucxiliary linear system! (Cont’d)

Given a nominal x°(t) = x(t, xg) solution of the system
di =f(x), x€R,

consider a solution v(t) = v(t, v) of the linear system
Ly =A(t), veR™,

where the matrix function A(t) is defined in Leonov lemma.
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New aucxiliary linear system! (Cont’d)

Given a nominal x°(t) = x(t, xg) solution of the system
di =f(x), x€R,

consider a solution v(t) = v(t, v) of the linear system
Ly =A(t), veR™,

where the matrix function A(t) is defined in Leonov lemma.

Then the scalar function p(-) defined as a scalar product

p(t) == V(1) F(O(2)

is a constant on solutions of the linear system, i.e.

p(t) = v(t)TF(x°(t))= v(0)"£(x°(0)), Vit >0.
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New aucxiliary linear system! (Cont’d)

Given a nominal x°(t) = x(t, xg) solution of the system
di =f(x), x€R,

consider a solution v(t) = v(t, v) of the linear system
Ly =A(t), veR™,

where the matrix function A(t) is defined in Leonov lemma.

Then the scalar function p(-) defined as a scalar product

p(t) == V(1) F(O(2)

is a constant on solutions of the linear system, i.e.

p(t) = v(t)TF(x°(t))= v(0)"£(x°(0)), Vit >0.

Hence, if vy is chosen orthogonal to f(xg), then v(t)"f(x°(t)) =0, V t!
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Example: Energy-based control of a pendulum

Consider the dynamics of a pendulum
a-O4c-sinf=u, a>0,¢c>0
augmented with the closed loop feedback controller
u=—¢(f)- [E(e,é) - EO} . E(0,6) =20+ c- (1 cosh).
Here, Ep is a non-negative constant, the scalar function ¢(+) is such that

s-¢(s) >0, Vs#0

(© Anton Shiriaev and Robotikum freeware. Underactuated systems. 2019: Lecture 5 17/18



Example: Energy-based control of a pendulum

Consider the dynamics of a pendulum
a-O4c-sinf=u, a>0,¢c>0
augmented with the closed loop feedback controller
u=—¢(f)- [E(e,é) - EO} . E(0,6) =20+ c- (1 cosh).
Here, Ep is a non-negative constant, the scalar function ¢(+) is such that

s-¢(s) >0, Vs#0

Furuta & Astrom (1996), Fradkov (1996), Lozano (1998), Formal'sky ...
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Example: Energy-based control of a pendulum

Consider the dynamics of a pendulum
a-O4c-sinf=u, a>0,¢c>0
augmented with the closed loop feedback controller
u=—¢(f)- [E(e,é) - EO} . E(0,6) =20+ c- (1 cosh).
Here, Ep is a non-negative constant, the scalar function ¢(+) is such that

s-¢(s) >0, Vs#0

Furuta & Astrom (1996), Fradkov (1996), Lozano (1998), Formal'sky . ..

If 6p(t) is a motion of the pendulum such that
E(6o(t),00(t)) =E = u=0.
Therefore, 0p(t) is one of solutions of the closed loop system.
Let us investigate its stability
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Example: Energy-based control of a pendulum

Consider the dynamics of a pendulum
a-O4c-sinf=u, a>0,¢c>0
augmented with the closed loop feedback controller
u=—¢(f)- [E(e,é) - EO} . E(0,6) =20+ c- (1 cosh).
Here, Ep is a non-negative constant, the scalar function ¢(+) is such that

s-¢(s) >0, Vs#0

Furuta & Astrom (1996), Fradkov (1996), Lozano (1998), Formal'sky ...

tfewn-af' = 2 frwn-e] ge0o

2. |E0.0) - &] - {6-u}
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Example: Energy-based control of a pendulum

Consider the dynamics of a pendulum
a-O4c-sinf=u, a>0,¢c>0
augmented with the closed loop feedback controller
u=—¢(f)- [E(e,é) - EO} . E(0,6) =20+ c- (1 cosh).
Here, Ep is a non-negative constant, the scalar function ¢(+) is such that

s-¢(s) >0, Vs#0

Furuta & Astrom (1996), Fradkov (1996), Lozano (1998), Formal'sky ...

4 {5(979') _ Eor = 2. [E(e,é) — Eo} -4 E(0,0)
2-[E0.6) - Eo] - {6}
—2.0-¢(6) - {E(&,é)—Eo}2
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Example: Energy-based control of a pendulum

Consider the dynamics of a pendulum
a-O4c-sinf=u, a>0,¢c>0
augmented with the closed loop feedback controller
u=—¢(f)- [E(e,é) - EO} . E(0,6) =20+ c- (1 cosh).
Here, Ep is a non-negative constant, the scalar function ¢(+) is such that

s-¢(s) >0, Vs#0

Furuta & Astrom (1996), Fradkov (1996), Lozano (1998), Formal'sky ...

4 {5(979') _ Eor = 2. [E(e,é) — Eo} -4 E(0,0)
2-[E0.6) - Eo] - {6}

—2-0- () [E(G,é)—Eorgo 1
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Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,é) - Eo}

with {x; = 6; xo = 9} is written as

x| f(x) _ X2
o] 7500 | 7| o - 290 1.8 e - conm) -

a
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Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,e') - Eo}
with {x; = 60; x = 9} is written as

X2

x| | A) | _
X f(x) —Esinxy — 28 [25¢ 4 (1 — cosx1) — Eo

The linear system defined for the solution x%(t) = fo(t), x3(t) = Oo(t) is
d %1 %1
_ — t
dt [ Vo ‘| A( ) [ Vo ‘|
with

- {52 (52 [5)

x=x9(t)
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Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,é) - Eo}

with {x; = 6; xo = 9} is written as

x| f(x) _ X2
o] 7500 | 7| o - 290 1.8 e - conm) -

a

The linear system defined for the solution x?(t) = 6o(t), x9(t) = fo(t) is

d Vi Vi
ala]-o]2]

Solutions v (-) approximating transverse dynamics are defined by

0= v (8) F°(2))
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Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,é) - Eo}

with {x; = 6; xo = 9} is written as

x| f(x) _ X2
o] 7500 | 7| o - 290 1.8 e - conm) -

a

The linear system defined for the solution x?(t) = 6o(t), x9(t) = fo(t) is

d Vi Vi
ala]-o]2]

Solutions v (-) approximating transverse dynamics are defined by

0= v (DA((D) + v (DH(D))
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Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,é) - Eo}
with {x; = 0; xo = 0} is written as
x| | h(x) | Xo
l)’@ 1 B [ f(x) 1 B [ —<sinxg — @ (252 + (1 — cosx1) — Eq|

The linear system defined for the solution x2(t) = 6o (t), x9(t) = fo(t) is

d %1 %1
aln]-o]2]

Solutions v () approximating transverse dynamics are defined by

0= Vll(t)fl(xo(t)) + VzL(t)fé(xo(t)) = Vl(t) = )\(t) . [ flfzf:;(gg) ‘|
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Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,é) - Eo}

with {x; = 60; x = 9} is written as

x| | A) | _ &
X f(x) —Esinxy — 28 [25¢ 4 (1 — cosx1) — Eo

The linear system defined for the solution x%(t) = fo(t), x3(t) = Oo(t) is

d %1 Vi
{[2]-[3

Solutions v*(-) approximating transverse dynamics are defined by

_ L 0 L 0 Liey —H(x°(t))
0=vi ()AKC(2) + v (D)R(x(1) = vo(t) = A1) - 0
A((1))
| —
— v (1)
(© Anton Shiriaev and Robotikum freeware. Underactuated systems. 2019: Lecture 5 18/18



Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,é) - Eo}

with {x; = 0; xp = 0} is written as

x| | Alkx) | X2
| | B(x) | fgsinxlfm[§X22+C(1*COSX1)*EO}

a

The linear system defined for the solution x%(t) = 6o(t), x3(t) = Oo(t) is

d Vi Vi
aa] ol

Solutions v*(-) approxin How to find A()? cs are defined by

0= v (AK(1) + v (DRE() = vi(t) = A1) v (1)

(© Anton Shiriaev and Robotikum freeware. Underactuated systems. 2019: Lecture 5 18/18



Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,é) - Eo}

with {x; = 6; xo = 9} is written as

x| f(x) _ X2
o] 7500 | 7| o - 290 1.8 e - conm) -

a

The linear system defined for the solution x?(t) = 6o(t), x9(t) = fo(t) is
d Vi %1
— = A(t

g l=gN w + 1 & [w]
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Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,é) - Eo}

with {x; = 6; xo = 9} is written as

x| f(x) _ X2
o] 7500 | 7| o - 290 1.8 e - conm) -

a

The linear system defined for the solution x?(t) = 6o(t), x9(t) = fo(t) is
d Vi %1
— = A(t

S0 = 2w A &[] = A [ ]
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Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,é) - Eo}
with {x; = 60; x = 9} is written as

X2

x| | A) | _
X f(x) —Esinxy — 28 [25¢ 4 (1 — cosx1) — Eo

The linear system defined for the solution x%(t) = fo(t), x3(t) = Oo(t) is

d %1 %1
ala]-o]2]

SD] = S0+ &[] = A [A- ]

% [A] - (VOL)T voL + X (VOL)T % [vol] =\ (VOL)T.A(t)vOL
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Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,é) - Eo}
with {x; = 60; x = 9} is written as

X2

x| | A) | _
X f(x) —Esinxy — 28 [25¢ 4 (1 — cosx1) — Eo

The linear system defined for the solution x%(t) = fo(t), x3(t) = Oo(t) is

d %1 %1
ala]-o]2]

SD] = S0+ &[] = A [A- ]

45 = [} S\
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Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,é) - Eo}

with {x; = 60; x = 9} is written as

x| | A) | _ &
X f(x) —Esinxy — 28 [25¢ 4 (1 — cosx1) — Eo

The linear system defined for the solution x%(t) = fo(t), x3(t) = Oo(t) is
d %1 %1
J— — t
dt [ Vo ‘| A( ) [ Vo ‘|

SD] = S0+ &[] = A [A- ]

Gx = = [Bo(t) - &(do(2))]
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Example (Cont’d)

The state space form x = f(x) of the closed loop system
a-G+csind=u=—¢@)- [E(e,é) - Eo}

with {x; = 60; x = 9} is written as

x| | A) | _ &
X f(x) —Esinxy — 28 [25¢ 4 (1 — cosx1) — Eo

The linear system defined for the solution x%(t) = fo(t), x3(t) = Oo(t) is
d %1 %1
J— — t
dt [ Vo ‘| A( ) [ Vo ‘|

SD] = S0+ &[] = A [A- ]

—exp[ / 6o(t) - H(6o(t))d ]-A(O)
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