Lecture 4

Constrained Mechanical Systems

Anton Shiriaev
Norwegian University of Science and Technology
Trondheim, Norway

Learning outcomes: Nonlinear mechanical systems with constraints. Classifica-
tion of constraints. Examples.
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1. Systems with holonomic constraints

e Example: constrained point-mass dynamics

2. Systems with non-holonomic constraints

o Example: constrained two point-masses dynamics

3. Systems with unilateral constraints

o Example: disc rolling on inclined line
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Systems with holonomic constraints



Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane affected by the
gravity. Assume that the distance of the point to the origin is kept constant

f(x(t),y(t)) == x(t)> +y(t)> = P =0, Vt

The dynamics of the point are

m-¥=R., m-y=R,—m-g,

where R = [Ry; R,] is the reaction force due to the constraint.

A

x
e T

3,
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane affected by the
gravity. Assume that the distance of the point to the origin is kept constant

f(x(t),y(t)) == x(t)> +y(t)> = P =0, Vt

The dynamics of the point are

m-Xx=Ry, m-y=R, —m-g,
where R = [Ry; R,] is the reaction force due to the constraint.
A
|
[ \_ xS ™ How to find the reaction force
R=R(x,y,x,y)?
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane affected by the
gravity. Assume that the distance of the point to the origin is kept constant

f(x(t),y(t)) == x(t)> +y(t)> = P =0, Vt

The dynamics of the point are

m-¥=R., m-y=R,—m-g,

where R = [Ry; R,] is the reaction force due to the constraint.

The constraint f(-) = 0 implies that

df =2x(t) - x(t) + 2y(t) - y(t) =0, Vt.
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane affected by the
gravity. Assume that the distance of the point to the origin is kept constant

f(x(t),y(t)) == x(t)> +y(t)> = P =0, Vt

The dynamics of the point are

m-¥=R., m-y=R,—m-g,

where R = [Ry; R,] is the reaction force due to the constraint.

The constraint f(-) = 0 implies that

df =2x(t) - x(t) + 2y(t) - y(t) =0, Vt.

The reaction force R(-) cannot change the energy of the system
Re-x(t)+ R, -y(t)=0, Vt.
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane affected by the
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane affected by the
gravity. Assume that the distance of the point to the origin is kept constant

f(x(t),y(t)) == x(t)> +y(t)> = P =0, Vt

The dynamics of the point are
m').e:RX7 m'y:R)/_m'ga

where R = [Ry; R,] is the reaction force due to the constraint.

Therefore Re=X-x, R, =X-y.
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane affected by the
gravity. Assume that the distance of the point to the origin is kept constant

f(x(t),y(t)) == x(t)> +y(t)> = P =0, Vt

The dynamics of the point are

m-¥=R., m-y=R,—m-g,

where R = [Ry; R,] is the reaction force due to the constraint.

Therefore Re=X-x, R, =X-y.

For defining ), let us consider the 2" time derivative of the constraint f(-) = 0

= &F = 2% 42 %292 42y y
= 2 +2x-(IXx-x)+27+2y - (2N y —g)

= 2k2+2y2+2%)\~(x2+y2)—2y-g
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane affected by the
gravity. Assume that the distance of the point to the origin is kept constant

f(x(t),y(t)) == x(t)> +y(t)> = P =0, Vt

The dynamics of the point are
m-x=R, m-y=R —m-g,

where R = [Ry; R] is the reaction force due to the constraint.

Therefore Re=X-x, R/ =X-y.

The Lagrangian multiplier is then equal to
m . .
A= /—2(y-g—x2—y2)
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Example: point-mass dynamics in excessive coordinates

Let a point mass with coordinates (x, y) move in the vertical plane affected by the
gravity. Assume that the distance of the point to the origin is kept constant

f(x(t),y(t)) == x(t)> +y(t)> = P =0, Vt

The dynamics of the point are

m-¥=R., m-y=R,—m-g,

where R = [Ry; R,] is the reaction force due to the constraint.

Therefore Re=X-x, R, =X-y.
The point mass dynamics in excessive coordinates (x,y) are
m-¥% = Tz(y.g_xz_yz).x
. m . .
my = 5(yg-*X-y)y-mg
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Example: point-mass dynamics in generalized coordinates

To derive the point-mass dynamics with the constraint
f(x(£),y(t)) == x(t)> + y(t)> = =0, Vt
observe that the point's position is determined by the angle 6 as

x(t) =1-sind(t), y(t)=—I-cosb(t).
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Example: point-mass dynamics in generalized coordinates

To derive the point-mass dynamics with the constraint
f(x(£),y(t)) == x(t)> + y(t)> = =0, Vt
observe that the point's position is determined by the angle 6 as

x(t) =1-sind(t), y(t)=—I-cosb(t).

The Lagrangian of the system is then

L=K-N = %m(k2+y2)—m-g-y

= %m~l2-9'2—|—m-g-/-cos€
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Example: point-mass dynamics in generalized coordinates

To derive the point-mass dynamics with the constraint
f(x(£),y(t)) == x(t)> + y(t)> = =0, Vt
observe that the point's position is determined by the angle 6 as

x(t) =1-sind(t), y(t)=—I-cosb(t).

The Lagrangian of the system is then

L=K-N = %m(k2+y2)—m-g-y
1

= §m~l2-92+m-g-/-cosﬁ

The dynamics are
d |[0L oL -
= | =l = = 2.0 .o-]-sin@
0 p [69] 20 m +m-g sin
— m-2.(i+8
= m-/ (9+/ sm@),
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Example: point-mass dynamics

The equations written in excessive coordinates (x, y)

m-x = ,mz(y-g—x2—y'2) - X
o P (1)
my = B(y-g-—x*—y*)-y-—m-g
and the equation written in generalized coordinate ¢
é—l—%'sinH:O (2)

represent the dynamics of the same system provided that the initial conditions of both

differential equations are appropriately chosen.
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Example: point-mass dynamics

The equations written in excessive coordinates (x, y)

m-x = ,mz(y-g—x2—y'2) - X
o P (1)
my = B(y-g-—x*—y*)-y-—m-g
and the equation written in generalized coordinate ¢
é—l—%'sinH:O (2)

represent the dynamics of the same system provided that the initial conditions of both

differential equations are appropriately chosen.

However, for mechanical systems with constraints

e the equations of the form (1) can be always derived,
e while the equations of the form (2) might not.
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Systems with non-holonomic
constraints




Example: constrained two point-masses dynamics

Consider two point masses of m = 1 [kg] ‘?l,;, : /,«b

each connected by massless rod of length Yot~ - e

I [m] and moving in the vertical plane. \ ﬁ ;
sl T
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Example: constrained two point-masses dynamics

. . »r
Consider two point masses of m = 1 [kg] hE- /b
each connected by massless rod of length Yat- . I
h {
{

I [m] and moving in the vertical plane. {

Constraint 1: (xl(t) - x2(t)>2 - (yl(t) - yz(l“))2 =12Vt
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Example: constrained two point-masses dynamics

. . »r
Consider two point masses of m = 1 [kg] hE- /b
each connected by massless rod of length Yat- . I
h {
{

I [m] and moving in the vertical plane. {

Constraint 1: (xl(t) - x2(t)>2 - (yl(t) - yz(l“))2 =12Vt

Constraint 2: Assume that the velocity of the center of the rod — point C on the plot
Ve = [0 + %) 3(5a + y2)]

always aligned with the rod.
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Example: constrained two point-masses dynamics

Consider two point masses of m = 1 [kg] hE /b

each connected by massless rod of length Yot~ - e

I [m] and moving in the vertical plane. \ : }
~| —m: — Z{l

Constraint 1: (xl(t) - x2(t)>2 - (yl(t) - yz(t)>2 =12Vt

Constraint 2: Assume that the velocity of the center of the rod — point C on the plot
ve =[50k + %); 31 +y2)]
always aligned with the rod.
(re(t) = xa(0) (1) +52(8)) = (va(8) = 1) (31(8) + 5e(2)) = 0

(© Anton Shiriaev & Robotikum freeware. Underactuated systems & DM. 2020: Lecture 4 6/13




Example: constrained two point-masses dynamics

The dynamics of the system with coordinates (x1, y1, x2, y2) are

% = RY+RP % = RY+RP
i o= R§})+R§12)—g yo = Rg)%-Rg)—g

Here R() and R are the reaction forces due to constraints

RO = [RY:RYRY:RY|, RO = (R RD: RY: REY|
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Example: constrained two point-masses dynamics

The dynamics of the system with coordinates (x1, y1, x2, y2) are

% = RY+RP % = RY+RP
i o= R§})+R§12)—g yo = Rg)%-Rg)—g

Here R() and R are the reaction forces due to constraints

R = [RD; R RY; RY) . RO = [RD; RD; R RY)]

Components of of the reaction forces are determined from the assumption that such
forces do not dissipate or increase the energy of the system along its motions

ﬂ”h+@yh+%”@+$ﬁﬁzmi:Lz
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Example: constrained two point-masses dynamics

The dynamics of the system with coordinates (x1, y1, x2, y2) are

5 = RY+RP % = RY+R®
R R 2 = RY+RY g

Here R() and R are the reaction forces due to constraints

RO) = [, R, RO, RD] R =[R2, R, A2 A

Components of of the reaction forces are determined from the assumption that such
forces do not dissipate or increase the energy of the system along its motions

R Ga+RD i+ RY o+ RY yo=0, i=12

Observation: The system dynamics are written in 4 excessive coordinates and have 2
constraints. But one cannot reduce a number of coordinates to 2 and derive the

dyriamics! @G
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Example: constrained two point-masses dynamics

The dynamics of the system with coordinates (x1, y1, x2, y2) are

% = RY+RP % = RY+RP
i o= R}(’})—I_R)(’f)_g yo = Rg)%-Rg)—g

Here R() and R are the reaction forces due to constraints

R = [RD; R RY; RY) . RO = [RD; RD; R RY)]

Components of of the reaction forces are determined from the assumption that such
forces do not dissipate or increase the energy of the system along its motions

ﬂ”h+@yh+%”@+$ﬁﬁzmi:Lz

Observation: The system dynamics are integrable in the sense that all the solutions
can be found explicitly! ©®©® see the homework!
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Systems with unilateral constraints




Example: disc rolling on inclined line

P=mg
N - Sorce due to rzattion
F - frickion force
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Example: disc rolling on inclined line

4 p=mi
N - Sorce due to rzattion
F - frickion force

How many degrees of freedom
of the system?
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Example: disc rolling on inclined line

4 p=mi
N - Sorce due to rzattion
F - frickion force

How many degrees of freedom
of the system?

How to derive equations of
motion?

(© Anton Shiriaev & Robotikum freeware. Underactuated systems & DM. 2020: Lecture 4 8/13



Example: disc rolling on inclined line

P=mg
N - Sorce due to rzattion
F - frickion force

How many degrees of freedom
of the system?

How to derive equations of
motion?

Equations of motion of rigid body are

e Dynamics of centre of mass: & (mV’c> SPhY Fe()gema,
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Example: disc rolling on inclined line

P=mg
N - Sorce due to rzattion
F - frickion force

How many degrees of freedom
of the system?

How to derive equations of

motion?
Equations of motion of rigid body are
e Dynamics of centre of mass: & (mV’c> SPhY ﬁé’gemal
e Angular momentum’s rate of change: % <E) => I\Zgilemal
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Example: disc rolling on inclined line

4 P=mg . -
//f - o bt The dynamics of center of mass r¢ are
F - §hickion force
: ).éC Px Nx Fx
mlyc|=|P |+]| N |+]|F
2(: 'Dz Nz Fz
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Example: disc rolling on inclined line

4 =m
/ 5;;0?;‘";::“"“ The dynamics of center of mass r¢ are
XC PX NX FX
m|yc|=|P |[+|N |+]|F
0 0 0 0
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Example: disc rolling on inclined line

4 =m
/ 5;;%:;::“"“ The dynamics of center of mass r¢ are
Xc Py 0 Fx
mlyc|=|P |+| N [+] O
0 0 0 0

(© Anton Shiriaev & Robotikum freeware. Underactuated systems & DM. 2020: Lecture 4 9/13



Example: disc rolling on inclined line

y =m
/ 5;;&:;::“"“ The dynamics of center of mass r¢ are
Xc Py 0 Fx
mi 0 | =P |+ N |+ O
0 0 0 0
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Example: disc rolling on inclined line

7 A The dynamics of center of mass r¢ are
F - $Rickion force
m-Xc = m-g-sintyg—F
ye = 0
0 = N—m-g-cosiyg
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Example: disc rolling on inclined line

4 P=mg

N - Soce due to reattion
F - faickon Jorce
%
(

The dynamics of angular momentum

—

L(-) depends on a choice of the origin it
is computed about!

Relative to the origin of the inertia frame, angular momentum is

o — Jd B
L = Z,-R,' X m;ER,-
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Example: disc rolling on inclined line

4 P=mg

N - Soce due to reattion
F - faickon Jorce
%
(

The dynamics of angular momentum

—

L(-) depends on a choice of the origin it
is computed about!

Relative to the origin of the inertia frame, angular momentum is

EO = Z,R’; X m,%ﬁ, = Zi <§C + F;) X m;% (ﬁ(_‘ + F;)
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Example: disc rolling on inclined line

4 P=mg

N - Soce due to reattion
F - faickon Jorce
%
(

The dynamics of angular momentum

—

L(-) depends on a choice of the origin it
is computed about!

Relative to the origin of the inertia frame, angular momentum is

© = Z,ﬁix mi%l’%zzi <§c+ﬁ) X mi% (ﬁc+ﬁ>
The rate of change of L© is then
o . 5 5 > )
%I_ = Z’-%R,' X m,-%R,- + ZiRi X m;%R,-
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Example: disc rolling on inclined line

4 P=mg

N - Soce due to reattion
F - faickon Jorce
%
(

The dynamics of angular momentum

—

L(-) depends on a choice of the origin it
is computed about!

Relative to the origin of the inertia frame, angular momentum is

© = Z,ﬁix mi%l’%zzi <§c+ﬁ) X mi% (ﬁc+ﬁ>
The rate of change of L© is then
o . 5 5 > )
%I_ = Z’-%R,' X m,-%R,- + ZiRi X m;%R,-

= ~§,’ X m,éﬁ, = ~§,’ X f':(’)
i dt i
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Example: disc rolling on inclined line

4 P=mg

N - Soce due to reattion
F - faickon Jorce
%

The dynamics of angular momentum
L(-) depends on a choice of the origin it
is computed about!

Relative to the origin of the inertia frame, angular momentum is

0 -

Z,ﬁ; X m;%ﬁ; =3 (ﬁc + F}) X mpg (RC + r,>

The rate of change of L© is then

d 70 dB. d
al YigRixmig

= Ziﬁi X m,j—;,’% = Ziﬁi X F(

I$i+z,'ﬁi><m:dtzR

ZkRk X F t)ernal
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Example: disc rolling on inclined line

—

4 P=mg
N - Sonce due toveattion
/ P e The dynamics of angular momentum L(-)
/ 4 Ao depends on a choice of the origin it is

computed about!

Relative to the origin of the inertia frame, angular momentum is

EO = Z,-I’?,‘ X m;%ﬁ; = Z’- (ﬁc + F;) X m;% (R)'C + F;)

Relative to the centre of mass, angular momentum is

7c e dp. P4 d (B P4
L = Zir,- X m,-ER,- = Z’.r,- X m,-m (RC + r,-)
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Example: disc rolling on inclined line

4 P=mg
N - Soce due to reattion
The dynamics of angular momentum L(-)

! s depends on a choice of the origin it is
computed about!

T

Relative to the origin of the inertia frame, angular momentum is
[ = Y Rixm&ER =3, (Rc + Fi) X mj g (Rc + Fi)

Relative to the centre of mass, angular momentum is

7c = dp _ = d >3 =
L Zir,- X m,-ER,- = Z’-r,' X mj g (RC + r,-)

djc _ d F(k)
L = Z,dtr,xm,dtR +Zr,><m,dt2R = D uTk X Forternal
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Example: disc rolling on inclined line

¥ P=mg
N - force due to reattion
F - JRickion force
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Example: disc rolling on inclined line

¥ P=mg
N - force due to reattion
F - $aickion force

cosf) —sinf O Xi
F,-O: sin@ cosf O Yi | ‘ZZ%RC+%ﬁO
0 0 1 0
— Rz0
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Example: disc rolling on inclined line

¥ P=mg
N - force due to reabtion
F - JRickion force

cosf) —sinf O X;

~0 . D o 5 ~0

ri- =1 sinf cosf O Vi | = R9ri”, Vi= %Rc + %r,-
0 0 1 0

~c -0 o

L = Zir,- X m;Vj
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Example: disc rolling on inclined line

¥ P=mg
N - force due to reabtion
F - JRickion force

cosf) —sinf O X;
-0 . D - 3 ~0
rio =1 sinf cosf O Yi | = Rzoli, Vi= %RC'F%H
0 0 1 0
n(e -0 — -D d B d -D
[€ = .70 x miv = S ,Regi® x m; (ERC +4 {Rz’gr,' D
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Example: disc rolling on inclined line

¥ P=mg
N - force due to reabtion
F - JRickion force

cosf) —sinf O X;

~0 . D o 5 ~0
ri- =1 sinf cosf O Vi | = R9ri”, Vi= %Rc + %r,-
0 0 1 0
n(e -0 — -D d B d -D
[€ = .70 x miv = S ,Regi® x m; (ERC +4 {Rz’gr,' D

~0 d 3 D d D
= Z’-I‘,‘ Xm,'ER(_'#*ZiRz’gr,' X mjn |:Rz,9r,' ]
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Example: disc rolling on inclined line

¥ P=mg
N - force due to reabtion
F - JRickion force

cosf) —sinf O X;

~0 . D o 5 ~0
ri- =1 sinf cosf O Vi | = R9ri”, Vi= %Rc + %r,-
0 0 1 0
n(e -0 — -D d B d -D
[€ = .70 x miv = S ,Regi® x m; (ERC +4 {Rz’gr,' D

0 5 D >D
= (Z,‘miri ) X LR+ > Roofi” x mi% |:Rz,9ri }
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Example: disc rolling on inclined line

¥ P=mg
N - force due to reabtion
F - JRickion force

cosf) —sinf O X;
-0 . D - 3 ~0
rio =1 sinf cosf O Yi | = Rzoli, Vi= %RC'F%H
0 0 1 0
n(e -0 — -D d B d -D
[€ = .70 x miv = S ,Regi® x m; (ERC +4 {Rz’gr,' D

=D -1 4 DY\ d
= R, <Z;miri X (Rz0) 45 [Rzel i ) a4
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Example: disc rolling on inclined line

¥ P=mg
N - force due to reabtion
F - JRickion force

cosf) —sinf O X;
-0 . D - 3 ~0
rio =1 sinf cosf O Yi | = Rzoli, Vi= %RC'F%H
0 0 1 0
n(e -0 — -D d B d -D
[€ = .70 x miv = S ,Regi® x m; (ERC +4 {Rz’gr,' D

= [0:0; imi (% +y%) &0
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Example: disc rolling on inclined line

¥ P=mg
N - force due to reabtion
F - JRickion force

cosf) —sinf O X;
-0 . D - 3 ~0
rio =1 sinf cosf O Yi | = Rzoli, Vi= %RC'F%H
0 0 1 0
n(e -0 — -D d B d -D
[€ = .70 x miv = S ,Regi® x m; (ERC +4 {Rz’gr,' D

= -0 L4
= (00, /%0
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Example: disc rolling on inclined line

¥ P=mg
N - force due to reabtion
F - JRickion force

cosf) —sinf O X;

79 =1 sind cosh O yi | = Z,gr?D, Vi = %ﬁc + %F’_o
0 0 1 0
[C = 7% x miv; = Y Reori® x m; (%ﬁc +4 {Rz,eﬁD})
= [0; 0; L40 |, for a disc: J, = 2(Mass) = (Radius)?
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Example: disc rolling on inclined line

¥ P=mg
N - force due to reabtion
F - JRickion force

The rate of change of angular momentum L€ is then

0
% 0 :Fpox13+F'No></\7+F’FO><ﬁ
J,0
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Example: disc rolling on inclined line

¥ P=mg
N - Sorce due to reattion
F - JRickion force

The rate of change of angular momentum L€ is then

0 0 0 0 0 —F,
% 0| = FPOX/S+FNOX/\7+FFOXF = |0|xP+ —Rg | x| Ny, |+|—Ra|x| O
4,0 0 0 0 0 0
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Example: disc rolling on inclined line

¥ P=mg
N - force due to reabtion
F - JRickion force

0 0
% 0 :_’pOX/S‘—FrNOX/\ﬁ/‘—FFFOX:E: 0
J,0 —Ry - Fx
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Example: disc rolling on inclined line

4 p=mj
/ ;’:;:::;::“"” The dynamics of the system are
m-Xc = m-g-sinyg—F
ye = 0
0 = N—m-g-cosiy
J,-0 = —Ry-F
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Example: disc rolling on inclined line

4 p=mj
/ ;’:;:::;::“"” The dynamics of the system are
m-X = m-g-sinyg— F
ye = 0
0 = N—m-g-cosiy
J,-6 = —R4-F

How many unknown variables?
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Example: disc rolling on inclined line

4 p=mj

/ ;’:;:::;::“"” The dynamics of the system are
m-X = m-g-sinyg— F
ye = 0
0 = N—m-g-cosiy
L0 = —Ry-F

How many unknown variables? Three, they are: xc(-), 0(-), F(*)
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Example: disc rolling on inclined line

4 p=mj
/ g:;:::;::“‘"” The dynamics of the system are
m-Xc = m-g-sintg— F
ye = 0
0 = N—m-g-cosiy
J,-6 = —R4-F

How many unknown variables? Three, they are: xc(-), 0(-), F(*)

How many nontrivial equations?
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Example: disc rolling on inclined line

4 p=mj
/ g:;:::;::“‘"” The dynamics of the system are
m-Xc = m-g-sintg— F
ye = 0
0 = N—m-g-cosiy
J,-6 = —R4-F

How many unknown variables? Three, they are: xc(-), 0(-), F(*)

How many nontrivial equations? Two!
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Example: disc rolling on inclined line

4 P=mj
A1 g:;:::;::“‘"" The dynamics of the system are
m-Xc = m-g-sintg— F
yc = 0
0 = N—m-g-cosiy
J,-0 = —Ry-F

How many unknown variables? Three, they are: xc(-), 0(-), F(*)

How many nontrivial equations? Two!

We need one more equation for the system!
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Example: disc rolling on inclined line

4 P=mj
A1 g:;:::;::“‘"" The dynamics of the system are
m-Xc = m-g-sintg— F
yc = 0
0 = N—m-g-cosiy
J,-0 = —Ry-F

How many unknown variables? Three, they are: xc(-), 0(-), F(*)

How many nontrivial equations? Two!

If the disc slides for some time interval = F(t) = pu- N
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Example: disc rolling on inclined line

4 P=mj
///f g:;:::;::"‘"” The dynamics of the system are
m-X = m-g-sinyg— F
yc = 0
0 = N—m-g-cosiy
J6 = —Ry-F

How many unknown variables? Three, they are: xc(-), 0(-), F(*)

How many nontrivial equations? Two!

If the disc slides for some time interval = F(t) = pu- N

If the disc rolls without sliding for some interval

= Xc(t) =xc(0) = —Rq - (6(¢) — 6(0))
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